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Let the velocity field w satisfy the incompressibility condition 

V'W = o. (2) 

The transport of heat, materials, etc. is modelIed by the flux equation for the intensities 
Si concerned : 

(3) 

Let qi be the corresponding source and sink density. The thermodynamic parameters are 
related by an equation of state 

F«(J, T, Si' p) = 0 . (4) 

The transition to averaged equations frequently involves the calculation of an ensemble 
average value. 

w = m + w' . (5) 

Here m is the mean value and the supplementary quantity w' is called fluctuation 
quantity. The rules for calculating averages must satisfy elementary conditions: 

I. W l + W2 = Wl + W2 , 

2. cw = cw, 
0- -0--

3. = 

Furthermore, the so called Reynold 's rules must also be satisfied: 

4. w = w, (idempotence) 

5. ww' = 0, 

6. ww = ww. 

(6) 

(7) 

(8) 

(9) 

(10) 

(11 ) 

Since coupled values of the pattern ww = mm + mw ' + w 'm + W'W ' or ws = ms + w 's 

+ s'm + W'S ' arise when the averages are determined for equations (I) and (3), the 
the use of rules (10) and (11) leads to great simplification. Unfortunate!y, the calculation 
of ensemble average values is not suitable for use in oceanology for the following 
reasons: 
I. the number of elements in the ensemble is usually unity ; 
2. ensemble averaging is no powerfull tool to separate processes of different scales 

occuring simultaneously in the ocean. 
Methods used for calculating values of oceanological fields should be capable of 

filtering certain frequency ranges or wave number ranges of the fields by filtering. 
The limits of these ranges must be determined by physical considerations. As an example 
let us consider the internal waves Iying between the Brunt-Väisälä and inertial frequencies. 
The filtered va lues are generally still stochastic quantities which vary in time and space., 
The application of filtering to time-series and the fundamental equations (1) to (4) permit 
adequate theoretical discussion of results obtained by measurement. 

Unfortunate!y, Reynold's rules (10) and (11) cannot be assumed to apply for suitable 
filter operators. Rules (9) to (11) already apply only for means calculated from values at 
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infinite!y large intervals in the case of the weil known running mean (cf. for instance 
ROBINSON [I]). The corresponding averages are then constants. 

In the following we shall introduce a suitable filter operator and discuss its properties. 
The conditions under which (10) and (Il) can be satisfied will be considered in section 
three. Finally, in the fourth section, we shall discuss quantitative aspects by means of an 
example using current measurements. 

2. Representation of the filter operator. 

Letf(t) be a stochastic quantity with a broad frequency spectrum. We define an average 

quantity Jby 
A[wJf(t) = J 

so that J contains only frequencies smaller than the cutoff frequency We­

(I - A[wc])fit) = l' 

(12) 

(13) 

defines fluctuations contammg only frequencies greater than wc' Since decomposition 
of the identity is just possible by A and I - A, the equations 

f=J+1' 
and 

J = J (idempotence) 

mustapply. 
The ansatz 

+ao 

J(t) = A[ wc] f(t) = f dt ' G(t - t ' ; wc) f(t ' ) 
-ao 

is used to express A[wcl 
By Fourier transformation, this supplies 

According to (12), 

This means 

or 

Aw) = G(w;wc)fiw) . 

f(w) = 
for Iwl < W c 

for Iwl > wc ' 

G(w, WC> = e[wc - Iwl] 

(14) 

(15) 

(16) 

(17) 

(18) 

.(19) 

The filtering is thus defined as integral transformation (16) with aspalt function 
kerne! (19). 
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Bymeansof 

+00 

2m5(w) = f dt eiOJ1 and 
xt -00 

the idempotence (9) 

+00 

A 2[ wc] J(t) = J dt' dt;' sin wc(t' - t") sin weft - t') t"-
1[(t' - t") x(t _ t') J()-

-00 

f 
sin w (t - tU) 

= dt" c J(t") = A[ ] J( ) x(t - t") W c t 

is easily demonstrated. 

A[wJ i~ thus idempotent and symmetric, i. e. it is a projection operator 
the quantIty J onto subspaces. Obviously, A [wcl satisfies conditions (6) to (8). 

Furthermore, 

A[oo] = I 
A[wc]C = C C = constant 

+T 

A[O] = hm - dt' . I J 
T-oo 2T (OC filter) 

- T 

(20) 

projecting 

(21) 
(22) 

(23) 

For W c -> 0, A[we] becomes the usual running mean. High pass, low pass, and band 

(
pass filter)s can thus be defined by A[wcl, (I - A[wcl) and, A[wl> w

2
] = A[w

2
] - A[wtl, 

w2 > wl · 

When ,,:,or.king with time-series, the integration in (16) can naturally be performed only 
over a,fillite mterval. 

The real filter operator is defined by 

+T 

Ar[ wc] J(t) = f dt' Gr(t', wc) J(t - t'). 
-T 

In the frequency space, the integration kernel assurnes the form 

1 
Gr(w, wc) = -; {Si (weT + wT) + Si (weT - wT}, 

where 
x 

J sin' 
Si(x) = -,- de . 

o 

(24) 

. (25) 

(24) can be made as exact as necessary (i.e. can be made to approach the ideal filter (16» 
by using sufficiently long time-series. The filter operator A has already been mentioned 
at various points in the literature (cf. for istance CHARNOCK [2], ALEKSEJEV, NIKOLAJEV, 
SCHERNIN [3]). 
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If we define the smallest frequency which can still be resolved by a time-series of length 

2T as w
E 

= 2-;" we obtain, analogous to the averaging of the directed current (23) 

+T 

A[ wd J = _I f J(t - t') dt' , 
2T 

-T 

This is precisely the weIl known running average. 

(26) 

It can be seen that for (26), the cut-off frequency is determined by the filter length 2 T. 
It is thus, in contrast to (25), impossible to improve the properties of ~he running average at 
a fixed cut-off frequency. So far we have discussed only filtering in respect of time. 
The relationships so far presented can obviously also be applied easily to spatial filtering. 
In this case, the cut-off frequency is replaced by a cut-off wave number. 

3. The Reynold's mies 

The Reynold's rules (10) and (I I) do not generally apply to filtered quantities. This 
can be shown by a simple example. Let V = Vo (cos wl t + cos w2 t) and V = Vo (cos w3 t 
+ COS w4 t). Low pass filtering then results in Ü = VO COS w l t and V= VO COS w3 t where 

- - VoVo w1 < W c < w2 and w3 < we < w4 • Furthermore, VV = -2- [cOS (w i - w3 )t + cos 

(w1 + w 3)t] while Aüi! = üv = ~o COS (WI - (3)t so that üv 9= üv. 

In order to show that this also applies for the generalized case, let us calculate the 
Fourier transform of ü v 

(27) 

Consequently, 

(28) 

Rule (11) obviously applies only if the convolution (üv)w contains no frequencies greater 
than We- On the other hand, 

we 

(üv)OJ = f dw' e[wc - Iw - w'l] u(w') v(w - w'). 
2x 

(29) 

This integral includes quantities in the range W e + w' > w > w' - W e. Since W e ~ W' 

~ -wc' w can assurne values from -2wc to + 2wc. (11) cannot therefore apply generally. 
Analogous proof can be offered that (10) does not always apply. We shall now show that 

rules (10) and (11) can only be satisfied for processes expressed by spectra with distinct gaps. 
Let us consider fields with the following structure: 

u(W) = e[w. - Iwllul(w) + e[lwl - Wb] U2(W) , 

v(w) = e[wa ~ Iwll Vl(W) + e[lwl - w/i] V2(W) . 

(30) 

(31) 
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The spectra contain gaps between Wo and Wb' and W« and Wp respectively. If we form 
the expressions üv'" and üv'I"" elementary mathematics shows that 

Uv' I", = 0 

if 

(32) 

(33) 

(34) 

(35) 

and 

(36) 

Thus, Reynold's rules (10) and (l!) can be satisfied for quantities with spectra containing 
gaps on the condition that the cut-off frequency and the gap width satisfy (34), (35), and 
(36). 

4. A quantitative example 

The general considerations presented so far shall now be illustrated by means of an actual 
time series. The time series involves current measurements taken fo'r 16 days on the Atlantic 
shelf off the Namibia coast. The currents were measured at 30 m depth 34 km from the 
coast. The water depth was 81 m. The energy spectra of the component V parallel to the 
coast and the component U perpendicular to the coast are shown in fig. I. Peaks 
coincide with the semidiurnal tide (T = ca. 12 h) and the inetial frequency (T = ca. 33 h). 
Let us first check the idempotence of the real filter (24) . This is done by forming the 
quantity 8 and considering the mean square variation <82> •. 

Let the symbol< > be the arithmetic mean over the whole duration of the recordings. 

(37) 

To increase the independence of <82> from the special variance, we also divide the mean 
square deviation from (37) by the variance <zr> - <u?: 

(38) 

In fig. 2, the quantity <82 >. is presented as a function of weT. We see that in our 
example, the real filtration is practically idempotent for we T ~ 5. We stress that the 
specified value W e T ;;;: 5 need not apply for all time series since (38) can also depend on the 
specific nature of the series. It is therefore actually necessary to determine the we Tat which 
the idempotence condition is satisfied for each time series. 

We shall now investigate Reynold's rules (10) and (li) for different cut-off frequencies. 
Due to the length of the time series in our example the cut off frequencies can be 
selected only between 0.05 ... 0.4 c/h. 
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Leistunsspektren : 

x - u - Komponente 
0- v - Komponente 
Meß - Tiefe :30m 
Wasser-Tiefe :61m 
l' : 20° 15.5'S 
~: 14° 04,5'E 
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I. Energy spectra of the time series for horizontal eurrent components used for checking the Fig. 
REYNOLD'S rules. 

Let the following quantities be defined: 

<c52> - <c5? 
F1 (we> = ~I ---

2(A + B) 

(39) 

1 «=-7 2> <=-7>2) F 2(WJ "" A uv - uv , 
(40) 
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I - 2 -
F3(wc) = A «u'v ) - ( U'V) 2), 

1 -
F4 (wc) = A «u' v-l ) - ( u'v' » , 

b = uiJ - üv , 

A = ( üv2
) - ( üv/ , 

B = «ÜV)2) - (ÜÜ ) 2 . 

(41) 

(42) 

~~e validity ~f rules (10) a.nd (1 I) can be tested by means of F
1

, F
2

, and F . To 
facIlJtate com~anson, the q~antJty F4 corresponding to the cJassical Reynold's shear te~sion 
has. also .be~n m.tro~uced . Smce the filtered quantities obtained are also functions of time 
thelr vanatlO.n~ m tIme are taken into accounty by the variances A and B. ' 

The quan~ltJes (39) to (42) ~re shown in fig. 3. Our example obiously satisfies Reynold's 
rule (10) easIly, but rule (11) IS far from satisfied . The error is not reduced to about 10 % 

w 0 

until the cut-off frequency fc = 2~ ~ 0.15 cjh . 

It can probabl~ be concJuded that correlations within a frequency band are frequentl 
large compared wlth corre1ations between frequency bands. y 

5. ConcJusions 

. ~ filter op~rator with aspalt function kernei . can be used to distinguish processes 
t~km~ place slmultaneously but on different time and space scales in geophysical systems 
FIltenng can be applied as weil to measured data as to the basic equations. The quantitie~ 

10° 

Fig. 2. Relative error between time series averaged once and . twice by the filter as a function of filter 
quality. 
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Fig. 3. Relative error of the REYNOLD'S rules and turbulent shear stress as a function of the cut-off 
frequency . 

thus obtained are generally themselves stochastic since filtering will not necessarily separate 
deterministic phenomena. 

The real filter operator can satisfy the idempotence condition with any precision required 
if the duration of the measurements is sufficiently large. Reynold's rules (10) and (li) are 
not generally satisfied, however. They can be satisfied only for processes with spectra 
containing gaps. Thus, their formal application for simplifyging averged (filtered) basic 
equations can lead to substantial errors. For the purpose ofactual discussions it is obviously 
necessary to ascertain whether they apply at least approximately or not. 

A numerical example is used to show that use of the Reynold's rules can lead to errors of 
80 %. The discussion of our example leads to the physically plausible concJusion that 
correlations between frequency bands are probably small compared with correlations 
within frequency bands. Rule (10) is thus less problematic than rule (11). 

The authors wish to express their thanks to Dr. E. Hagen for supplying the time series. 
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