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By means of
+ : I
2nd(w) = J‘wdt et apd M@ e = j d_w eiot
~w it 2n

—-wc

the idempotence (9)

+c

A, _ N ara sin w(t’ —t") sin w(t —1t") _
[w] f(2) f L at s 1) f@&) =

— o

Ssinw(t —t")
= J‘dt THi—1) (&) = A[w] f(2) (20)

is easily demonstrated.

Alw,] i§ thus idempotent and symmetric, i.e. it is a projection operator projecting
the quantity / onto subspaces. Obviously, 4[w ] satisfies conditions (6) to (8).
Furthermore,

Alo] = 1 2D

Alo]C = C C = constant (22)
' 1 +T

A[0] = Tlg?o T f dt’ (DC filter) (23)
-T

For w. — 0, A[w.] becomes the usual running mean. High pass, low pass, and band
pass filters can thus be defined by Alwd, (1 — A[w,) and, Alw,, w,] = Alw,] — Alwy]
(0, > ). .
When working with time-series, the integration in (16) can naturally be performed only
over a finite interval.
The real filter operator is defined by

Afw] 10 =_]:dt'c,<t', ) f(t—t). 24)

In the frequency space, the integration kernel assumes the form

1
Glw, ) = - {Si(oT + &T) + Si(w.T — T}, (25)

where

x .
sin £

Si(x) = f—dﬁ.
§ ¢

(24) can be n_lade as exact as necessary (i.e. can be made to approach the ideal filter (16))
by using sufficiently long time-series. The filter operator A has already been mentioned

at various points in the literature (cf. for istance CHARNOCK [2], ALEKSEJEV, NIKOLAJEV
SCHERNIN [3]). ’ [
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If we define the smallest frequency which can still be resolved by a time-series of length

2T as Wy = 2—1} , we obtain, analogous to the averaging of the directed current (23)

+T
A[wc]f=‘21?jf(t—i')dt', wG:ZLT' (26)

This is precisely the well known running average.

It can be seen that for (26), the cut-off frequency is determined by the filter length 2 7.
It is thus, in contrast to (25), impossible to improve the properties of the running average at
a fixed cut-off frequency. So far we have discussed only filtering in respect of time.
The relationships so far presented can obviously also be applied easily to spatial filtering.
In this case, the cut-off frequency is replaced by a cut-off wave number.

3. The Reynold’s rules

The Reynold’s rules (10) and (11) do not generally apply to filtered quantities. This
can be shown by a simple example. Let U = U, (cos w,t + cos w,t) and V = V, (cos w,t
+ cos ,1). Low pass filtering then results in U = U, cos w,t and ¥ = ¥, cos w,t where

— U,V
w, < o, <o, and 0, < o, < w,. Furthermore, UV = LZQ[COS (0, — wy)1 + cos

== [ == _—
(o, + ;)] while Aud = uv = %cos (wy — w;)t so that uv + uv .

In order to show that this also applies for the generalized case, let us calculate the
Fourier transform of & v

ublo = [ dt e ™" Aiib. 27
Consequently,
|, = Olo, — |of) @), . (28)

Rule (11) obviously applies only if the convolution (#0), contains no frequencies greater
than w,. On the other hand, '

w,

(@), = J it Olw, — | — o|]Juw) v — o). (29)

2n

This integral includes quantities in the range o, + ®' > ® > ' — w,. Since @, Z o’
= —w,, w can assume values from —2w_to + 2w,. (11) cannot therefore apply generally.

Analogous proof can be offered that (10) does not always apply. We shall now show that
rules (10) and (11) can only be satisfied for processes expressed by spectra with distinct gaps-
Let us consider fields with the following structure:

u(w) = O, — |ofluy(w) + Olo] — wy] u(w), (30)
v(w) = Olw, — |w|] vi(w) + Oflw| — wg] vy(w) . @31
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The spectra contain gaps between o, and w,, and w, and w;, respectively. If we form
the expressions v, and #v'|,, elementary mathematics shows that

), = ubl, , (32)
uv'l, =0 33)
if |
w,+ o0, 2o, : (34
w, + 0, < w, (395)
and
o, + o, < . (36)

Thus, Reynold’s rules (10) and (11) can be satisfied for quantities with spectra containing
gaps on the condition that the cut-off frequency and the gap width satisfy (34), (35), and
(36).

4. A quantitative example

The general considerations presented so far shall now be illustrated by means of an actual
time series. The time series involves current measurements taken for 16 days on the Atlantic
shelf off the Namibia coast. The currents were measured at 30 m depth 34 km from the
coast. The water depth was 81 m. The energy spectra of the component V parallel to the
coast and the component U perpendicular to the coast are shown in fig. 1. Peaks
coincide with the semidiurnal tide (7" = ca. 12 h) and the inetial frequency (7 = ca. 33 h).
Let us first check the idempotence of the real filter (24). This is done by forming the
quantity ¢ and considering the mean square variation {&2),.

Let the symbol ¢ ) be the arithmetic mean over the whole duration of the recordings.

&) = Ao, TIU() — Ao, TIUQ) . (37)

To increase the independence of (&2> from the special variance, we also divide the mean
square deviation from (37) by the variance {#?) — {u)*:

Ly —
Py —
In fig. 2, the quantity {¢*), is presented as a function of w, 7. We see that in our

example, the real filtration is practically idempotent for w, T = 5. We stress that the
specified value w, T 2 5 need not apply for all time series since (38) can also depend on the

&, (38)

specific nature of the series. It is therefore actually necessary to determine the w, T at which

the idempotence condition is satisfied for each time series.

We shall now investigate Reynold’s rules (10) and (11) for different cut-off frequencies.
Due to the length of the time series in our example the cut off frequencies can be
selected only between 0.05 ... 0.4 c/h.
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Fig. 1. Energy spectra of the time series for horizontal current components used for checking the

REYNOLD’S rules.

Let the following quantities be defined:

SIN /SN2

Fog= 02— 87 (39)
U+ B) |

Fiw) = & (@ = G, (40)
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1~ =)
Fi(w) = 7 (W7 = u')?), (41)
1 = oy
Fy(w) = — (u'v'?y — W'v'y), 42)
where

8= uv — v,
A= us®y — Cavy?,
B = {(uv)*) — Cupy?.

The validity of rules (10) and (11) can be tested by means of F|, F,, and F,. To
facilitate comparison, the quantity F, corresponding to the classical Reynold’s shear tension
has also been introduced. Since the filtered quantities obtained are also functions of time,
their variations in time are taken into accounty by the variances 4 and B.

The quantities (39) to (42) are shown in fig. 3. Our example obiously satisfies Reynold’s
rule (10) easily, but rule (11) is far from satisfied. The error is not reduced to about 10%

until the cut-off frequency f, = % = 0.15 ¢/h.
T

It can probably be concluded that correlations within a frequency band are frequently
large compared with correlations between frequency bands.

5. Conclusions

A filter operator with a spalt function kernel can be used to distinguish processes
taking place simultaneously but on different time and space scales in geophysical systems.
Filtering can be applied as well to measured data as to the basic equations. The quantities

<EZ>,,

100+

107
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we'T

quality.

Fig. 2. Relative error between time series averaged once and twice by the filter as a function of filter
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Fig. 3. Relative error of the REYNOLD’s rules and turbulent shear stress as a function of the cut-off
frequency.

thus obtained are generally themselves stochastic since filtering will not necessarily separate
deterministic phenomena. N . =, .

The real filter operator can satisfy the idempotence condition with any precision reqlulred
if the duration of the measurements is sufficiently large. Reynold’s rules (10) apd (11) are
not generally satisfied, however. They can be satisfied only .for processes with spgctr.a
containing gaps. Thus, their formal application for simplifyging .averg.ed (f.ilFered). asllc
equations can lead to substantial errors. For the purpose of actual discussions it is obviously

i least approximately or not.
necessary to ascertain whether they apply at ;

A numerical example is used to show that use of the Reypold s rules'can lead to e.:rrortsh of
80%. The discussion of our example leads to the physically plausible F:onclusxoln tha
corroelations between frequency bands are probably small com;;ar(eﬂ )w1th correlations

ithi i lematic than rule :
within frequency bands. Rule (10) is thus less prob . ' _

The authors wish to express their thanks to Dr. E. Hagen for supplying the time series.
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