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Research Problem

However, typical numerical solvers for
biogeochemical models are either non-positive or
non-conservative.

Here, a non-negative and conservative discretisation I
Introduced.
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Ecosystem models

(%c@- + (9]' (UjC@‘ + m;C; — Aj,kﬁkci)

(1)
= P(¢) — D;(c), 1=1,...,1,
C; concentrations
U;j current velocity
m; motion of ecosystem component
Ak eddy diffusivity

P;(¢), D;(¢) source & sink terms
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Ecosystem models

dic; = Fi(¢) — Di(0) | 4, (2)
& =¢&t=0)>0, (3)
I I
Pi(c) :pr(av D;(c) =de@, (4)
pij(€) = d;;(C), fori+#j. (5)
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Ecosystem models
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Modelling problems

1. Mathematical formulation allows for negative
concentrations (positive sinks even for zero
concentration)

2. Non-monotone advection schemes are used (e.q.
central differences)

3. Solvers for ODEs are non-positive (e.g.
Euler-forward)
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Solutions to problem 1

Solution: Formulate the sinks properly:

d@j(é) —— 0 for c;, — 0 (7)
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Solutions to problem 2

Solution: Use monotone advection schemes such as
 First-order upstream (too diffusive)
« TVD (Total Variation Diminishing) schemes
* Flux-corrected transport schemes
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Solutions to problem 3

Solutions:

« Use sufficiently small time step (difficult to
predict, often too expensive)

« Use adaptive time steps (often too expensive)

» Use non-negative schemes (often not
conservative; )

JONSMOD Conference, Warnemiinde, June 14-16, 2004 — p. 9/33



Euler-forward

G =+ AP (@) = D). (8)

Conservative but non-negative.
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Patankar-Euler scheme

Cn+1
A= 4+ At (R— (c") — D; (c") = > . (9)

Non-negative but conservative.
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mod. Patankar-Euler scheme

4 CT.L_H d C’(H—l
= AL Y pig () = Y di (@) )
j=1 J j=1 t
(10)
Conservative non-negative

(but a linear system of equations has to be solved)
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Second order schemes

* Runge-Kutta scheme
« Patankar-Runge-Kutta scheme
« Modified Patankar-Runge-Kutta scheme

Higher order schemes should also be constructable.
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Simple linear model

dic1 = c9 — acy,

dico = acy — co, (11)
Analytical solution:
ci = (14 cexp(—(a+1)t)) ", (12)
0, 0 0
chO:Cl 2 andc= L 1. (13)
a+ 1 cy°

(Here:a =5, ) = 0.9, ¢ = 0.1)
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Euler-forward
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Patankar-Euler
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mod. Patankar-Euler

Vioditfied

C
o
]
[1y]
-
i
-
@
Q
C
O

c1, simulated
c, simulated

c1 + cp, simulated
c1, analytical
co, analytical
I I

1.2 L4

Baltic Sea Research Institute
Warnemiinde

JONSMOD Conference, Warnemiinde, June 14-16, 2004 — p317/3




Runke-Kutta
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Patankar-Runge-Kutta
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mod. Patankar-Runge-Kutta
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Approximation error

Normalised truncation error for various schemes
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Conservation error

Normalised conservation error for various sc
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Robertson test case

dtCl — ACQCg — BCl
dico = Beyp — Acacs — C'c3 (14)
dicz = Ccs

A=10" B=0.04,C = 3-107,
Cl0 — 1, Cog — C30 — 0.

Numerical solution with\t,, = 1.8" x 1079 s.
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Patankar-Runge-Kutta
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mod. Patankar-Runge-Kutta
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www.GOTM.net

3 GOTHM (Gcncral Ocean Turbulence Model) - Microsoft Internet Explorer

are team of ncean
il | the marine environment
__The |dea | where mmn is L.nown o pla3 a I\E'} role (.U'ﬂ\-l is free]}r ay allable under the GPL (Gnu Public
Key features| License).

Eortran codel If vou are interested in using GOTY], you can download:

Tésf Cdses
Foreing
Howe 1o run?

Software: I'ortran source

lixamples: Test cases - Outputs

) Documentation: Summary - 2003 report - 1999 report
Publications |
E-mail list | You are warmly invited to join the GO'T™M mailing list and send any comments/qoestions to the GOTM
FAQ developers or become 2 GOTM coniribulor, The GOTM developers are graieful 1o their sponsors.

User Group |
Hot Links

__ Wha's Who3

18300 (a4
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NPZD model in GOTM

Application of GOTM with NPZD model to annual simulation of
Northern North Sea.

Range: 6C (blue) to 14C (red). Depth: 110 m.
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NPZD model in GOTM
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NPZD model in GOTM
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NPZD model in GOTM
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NPZD model in GOTM
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NPZD model

Euler, shortA¢:

MPRK, shortAt:

MPRK, long At:
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Conclusions

* The modified Patankar-Runge-Kutta may prove
to be useful for problems with time scales which
are short with respect to the time step.

 Typical problems are chemical reactions in the
water column and in the sediment.

« The authors of this presentation are still looking
for simple and realistic test cases. Help from the
JONSMOD community will be appreciated.
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