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Nordsee-Simulation

Sea surface temperature on Aug. 1, 1997

Sea surface salinity on Aug. 1, 1997
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http://www.io-warnemuende.de/homepages/burchard/pdf/animations/dk_03nm_1997_sss.gif

u-Gleichung

Oyt :L(‘?x(uQ) + 0, (uv) + ({L(uwz
Advektion (3)

—0, ( + v)0,u) — 9, (245" 0u) — 0, (A (Oyu + O,v))

. 1
— fv —/ o.bdz = —0, (g(—l— %p()) .

Druckgrgdient (1)

1)

b — _gP—Po (2)
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v-Gleichung

O +0,(vu) + 9,(v?) + 0. (vw)
Advektion (3)

—0, ( + v)0,v) — 8, (24, 0yv) — 0, (A3 (Oyu + O,v))

‘ 1
+fu —/ 8yb dz = —8y (g( + p—p()) :
z 0

Druckgrgdient (1)

3)
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Kontinuitatsgleichung

Kontinuitat:
O,u + Jyv + 0, w = 0. (4)
Freie Oberflache:
0 = —0,U —0,V. (5)
mode spﬁtting (2)
mit
¢ G
U:/ udz, V:/ vdz. (6)
—H —H
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Tracer-Gleichung

Oict +0,(uc’) + 9,(ve) + 0. ((w + w;)czz — 0,(v0.c")
Advektion (3)

N (7)
—0u(Af0,¢") — 0y (ALD, ) = > (pij — dij)
=1

mod. Patankar (6)

p:p(clacza"'acNapO) (8)

Baltic Sea Res h Institu t
aaaaaaa Forschungsseminar Numerik, Rostock, 11. Juni 2003 — p. 6/31




Turbulenz-Modell

8tk—6z((y+ﬁ> (‘Lk):PJrB —€ (9
O ~—~
Patankar (5)
Vy E
O — 0, ((V + —) @5) = —(n1P+c3B —ce ), (10)
O k S~~~
Patankar (5)
P=uv ((0.u)’+(0.0)"), B=-10b  (11)
Energieerﬁaltung (4)
k2 , , k2
Ve = C,u?a Vt = Clu?. (12)
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Vertikale Koordinaten

upper ~-coordinates, d, = 5, d; = 1.5 lower v-coordinates, d, = 1.5,d; =5
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Schichtgemittelte Gleichungen
Oipi + Oz (urpr) + Oy (Vipr) + Wity — Wr—1Uk—1 — Tp + Th_y

N—
1 1 )
—h <2hN(aa:b)N Z 5y + hj+1)(3a;b)j> = —ghi0,(,
=k
(13)
Di ::/ udz, qr ::/ vdz, (14)
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Dichtegradient, diskret

1 br+1 — Dk
0b), = —(0,b 0,.b 0
( x )k 2( k+1 -+ k) T~k 1(hk—|—1 n hk)

~ %(bz’+1,k+1 + bit1k) — %(b@k*l + bi) (15)
Ax

— U<k c c
%(h,k + hi—l—l,k)
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Hydrostatische Konsistenz

(% + a)biy1 k1 + (% — )bk

*b ~
(0;0)k N
(16)
B (5 + Q)b ps1 + (5 — @)big
Ax
A
0 = 66 vk 2 (17)
h 1,k T hz—i—l k
Hydrostatische Konsistenzbedingung:
A

(hck + hz—l—l k)
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_Osungsstrategien

Hohe horizontale Aufldsung
Geringe vertikale Auflosung
Geringe Neigung der Koordinaten
Verfahren hoherer Ordnung
Interpolation in z-Koordinaten
Monotone Verfahren
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Mode splitting
Problem:

Barotropes Zeitschrittkriterium:

1/ 1 1 1
A — | \/2qD . 1
= {2 (Aw Ay) ’ } 49
Baroklines Zeitschrittkriterium:

Ar A
At<min{ ZC, y}.

Umax Umax

(20)
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LOsungsstrategie
Vertikal-integrierte Gleichung:

G
oU +/ Oyu’ dz =0, (21)
—H
Umformung:
U2
oU + 0, <D>+Sﬁ:0, (22)
Interaktionsterm:

G , U*?
X _
—H
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Zeitschrittschema

Micro — XF+X+FX+FX+FX X+X+X+X+X

Macro > + X 4+ X+

l | | | | l | | | l | | | | l | | l \
| B L S | /7
n-1 n-1/2 n n+1/2 n+1
4
T _ Macro time step
X uyv,w,UV
L T

} Micro time step
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TVD advection schemes |
One-dimensional linear tracer equation:

O + 9, (ul) = 0 (24)

Discretisation:

vt = — 5 Fiap — Filyp) o (29)

Upstream-biased flux calculation:

n 1 L/ / /

.QZ',L'_|_1/2 —uAt
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TVD advection schemes |1

Polynomial tracer approximation:

LTit1/2+k = ) ‘ B
U;(z')de' =V, 4, k=-1,0,1, (27)
LTi—1/24+k
L ax-Wendroff form:
4
wiyiye (Wit 300 51— leip1o)(irr = W) forugyiys >0,

Fiy1/2 = 5

| Uit1/2 (‘1’i+1 + %@;H/Q(l — |cip1/20) (W5 — ‘1’i+1)) else,
(28)

+ + B _
q>i+1/2 = Qp1/2 T Bi+1/2ri+1/2a ‘DZ+1/2 = Q1 /2 T 57;+1/27“7;+1/2a (29)

1 1 1 1
Qipr/2 =5+ 5(1 —2|ciy1/20)s Bigi/2 = 5 8<1 —2|cijp1/21), (30)
W, — U, Uito — 0,
+ 1 + . +2 +1 . (31)

r. = r. =
i+1/2 \Iji—|—1 _\Iji7 i+1/2 \IjH_l — U,
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TVD advection schemes 111
Po-PDM, ULTIMATE QUICKEST (Leonard [1979]):

i 2 27“;r |
— max |0, min <<I>+ : H/Q) , (32)

(I)—I—
R — ’Cz'+1/2‘ ‘Ci+1/2‘

i+1/2

MUSCL (van Leer [1979]):

LAY

i 147 |
— max |0, min (2 20" 12 2z+1/2> | (33)

Superbee (Roe [1985]):

CHEP

min(r 2)} . (34)

— max {O min(1, 27 120

r1/2)
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Directional split schemes

0t (DY) + 0z (uDV¥) 4 0y (vDW¥) =0 (35)

8:D + 8z (uD) + 8, (vD) = 0 (36)

Directional split (Pietrzak [1998])

At

TL—|—1/2 n—|—1/2 n n n n n n
D; i, v, i, = Dy Vi — A—az< i+1/2,504+1/2,5 — “i—1/2,5 i—1/2,j) (37)
n+1agn+1 n+1/2 +n+1 2 n n n

DI'f ‘I’r@f} :D i,j 4 ‘I’ i,j 4 (D J+1/254,5+1/2 D —1/2F —1/2) (38)

n+1/2 _ ~n At n n
D; ,J - Di,j - A—m( i+1/2,5 Ui—1/2,j) (39)

n+l _ pn+1/2 At n n
Di,j - Di,j - A_y(vi,jJrl/Q - Vz‘,j—1/2)- (40)
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2D test case: P, split scheme

Cube resulting after one solid-body rotation with
Az = Ay = 1 m and a Courant number of ¢ = 0.5.
Left: unlimited P, scheme; right: limited P,-PDM

scheme
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Energieerhaltung

Analytisch:
Oy — 0, (1 0,u) = 0, (41)
Diskret (Crank-Nicolson):
. L s L AR S
Uj — U I3 zj+1—2; J73 2j— 21 — 0 (42)
At Zipl — 2
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Energieerhaltung

Kinetische Energie ey, = u°/2:

—\ 2
atekin — az(ytazekin) — _Vt(azu) = —P (44)
Diskret:
ej—e;  Vitl2i—s “Vi12n o
At Zj+1/2 T Zj-1/2

_1 » 20'(@7'4_1 — ﬁj)(aj-|—1 — Uj) + (1 — U)(Uj—l—l — uj)(uj+1 _ r&’J)
AR (zj41/2 — Zj—1/2) (2541 — 2j)

1 1/20(@7' —Gj—1)(4 —wj—1) + (1 — o) (uy —uj—1)(4y — uj—1)
277 (zj41/2 — 2j—172)(25 — 2j-1)

. l U
= i1 = Py
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Energieerhaltung

Turbulenzproduktion, neu:

o1 — UMWt — T
Pitip2 = lﬁ+&/2( J+1( .])( Ll (40)

~

iy = 5(; + uy).

Turbulenzproduktion, alt:

Pj+1/2 — Vj+%

{ﬁj“ — U } . (47)

SR B

Baltic Sea Res h Institu t
""""""" Forschungsseminar Numerik, Rostock, 11. Juni 2003 — p. 23/31




Energieerhaltung

At =200s,d, =3 At =200s,d, =0 At =20s,d, =0
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z/m
z/m
z/m
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35§
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Patankar-Trick

0,X=P—-QX, PQ>0 (48)
Xn—l—l Xn
¢ 49
v -Q (49)
X = X1 — AtQY) + AtP, (50)
Xn—l—l Xn
n 51
N -Q (51)
it XN AP 52
1 + AtQn
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mod. Patankar-Trick

Test-Problem:

dtCz:PZ((E)_DZ(E) 722177]7 (53)
& =ct=0) >0, (54)

P(@) =D i@, Di(@) =) _di;(@), (55)

pi;(C) = d;i(C), fori#j. (56)
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mod. Patankar-Trick

Z(H(@—Dz@) =
_ (57)
ZZ p”5> d”E) :Z pu@) dw 5))

Das Gleichungssystem ist also konservativ flr p; ; = d;; = 0.
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mod. Patankar-Trick

Diskretisierungsprobleme:

Explizite Verfahren sind nicht unbedingt
nicht-negativ.

Patankar-Verfahren sind nicht konservativ.

Problem: Suche konservatives und nicht-negatives
Verfahren.
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mod. Patankar-Trick

LOsung, z.B. erster Ordnung:
modifiziertes Patankar-Euler-Verfahren:

n+1 1 n+1
n+1 __ —n C ny i :
ci =+ AL g pi; (") i (") ci=1,...,.
J=1

cy o f
Das Verfahren ist konservativ (trivial)
Das Verfahren ist nicht-negativ (siehe Burchard,

Deleersnijder, Meister [2003])

Nach dem Runge-Kutta-Prinzip konnen konservative und
nicht-negative Verfahren beliebig hoher Ordnung konstruiert

VUREEl@Rearcn nste
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mod. Patankar-Trick

Patankar Runge-Kutta scheme
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mod. Patankar-Trick

Modified Patankar Runge-Kutta scheme

15 1 | 1 | T | T | T | T l T
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