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Problem 1

Expand the following equations for an index range of three, i.e. i, j = 1, 2, 3:

(a) Aijxj + bi = 0 ,

(b) Φ = Cijxixj ,

(c) Ψ = TiiSjj .

Problem 2

Verify the following identities:

(a) δii = 3 ,

(b) Aijδij = Aii ,

(c) δijεijk = 0 ,

(d) εijkεijk = 6 ,

(e) εijkεijm = 2δkm ,

(f) εijkεilm = δjlδkm − δjmδkl (’ε-δ identity’) .

Problem 3

(a) Expand and simplify the expression Aijxixj, where i, j = 1, 2, 3 and

(i) Aij is symmetric,

(ii) Aij is skew-symmetric.

(b) Let Aij be symmetric and Bij skew-symmetric. Show that AijBij = 0.
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Problem 4

Recall that the vector product of two vectors u = uiei and v = viei is a quantity
w = u× v with components

w1 = u2v3 − u3v2 , w2 = u3v1 − u1v3 , w3 = u1v2 − u2v1 ,

with reference to the right-hand orthonormal basis {e1, e2, e3}.

(a) Verify that wi = εijkujvk.

(b) Show that for any three vectors u, v, and w

u× (v ×w) = (u ·w)v − (v · u)w .

(hint: use the ε-δ identity.)

Problem 5

Use indical notation to verify the following identities:

(a) ∇(φv) = φ∇v +∇φ⊗ v ,

(b) ∇(v · v) = 2v · (∇v)T = 2(∇v) · v ,

(c) ∇×∇φ = 0 ,

(d) ∇ · ∇ × v = 0 ,

(e) ∇× (∇× v) = ∇(∇ · v)−∇ · (∇v) ,

where φ denotes a scalar field and v a vector field in E3. (hint: for the last relation,
use the ε-δ identity.) For each case, indicate if the result is a scalar, a vector, or a
second-order tensor.

Problem 6

For arbitrary ωk, let the components of a tensor W be given by

Wij = −1

2
εijkωk . (1)

(a) Show that W is a skew-symmetric tensor.

(b) Using the relation εijkεijl = 2δkl (see above), show that (1) can be inverted to
yield

ωi = εijkWkj . (2)
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