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Chapter 1

Introdu tion
When Munk (1966) suggested that the balan e between upwelling and downward mixing
in the abyssal o ean may be des ribed to rst order in form of a simple one-dimensional
adve tion-diusion equation, he was well aware of the fa t that the basin-s ale behavior
expressed by his model may in fa t be the response to lo alized pro esses o

urring near

the boundaries. This is immediately evident for the adve tion part of Munk's model that
des ribes basin-s ale upwelling as the result of deep-water renewal due to bottom gravity
urrents, propagating down the

ontinental slopes in

omparatively narrow boundary layers.

Munk (1966) also spe ulated, based on the rather limited data available at that time, that
the lateral boundaries may play a key role also for net basin-s ale mixing, whi h

ompensates

the adve tive downward transport of uid on the long-term average.
This point of view was later supported by the results from open-o ean tra er experiments
(Ledwell et al., 1993; Ledwell and Hi key, 1995; Ledwell et al., 2000) and dire t observations
of turbulen e mi rostru ture in the abyssal o ean (Toole et al., 1994; Polzin et al., 1997),
revealing the unexpe tedly low mixing rates of the open o ean, and the presen e of mixing
hot-spots in the vi inity of topography.

Over the last de ades, Munk's ideas have been

rened but the overall pi ture, and even the net mixing rates originally inferred from his
model, have remained remarkably robust (Munk and Wuns h, 1998; Wåhlin and Cenedese,
2006). The dynami al impli ations of the inhomogeneous distribution of mixing suggested
by these investigations have been summarized by Wuns h and Ferrari (2004), who pointed
out that the now ines apable

mixing is

on lusion that over most of the o ean signi ant verti al

onned to topographi ally

dierent interior

omplex boundary areas implies a potentially radi ally

ir ulation than is possible with uniform mixing .

Although s ales and physi al for ing me hanisms are rather dierent, these basi
nents of the overturning

ir ulation are

ompletely analogous to the Balti

primary study areas in this work. Also in the Balti

ompo-

Sea, one of the

Sea, deep-water renewal o

urs in the
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form of bottom gravity

urrents traveling down the topographi

slopes, with the important

dieren e, however, that these ows are triggered by intermittent intrusions of saline (and
thus dense) waters from the adja ent North Sea rather than by surfa e

ooling as in the

high-latitude o ean (Meier et al., 2006; Meier, 2007; Reissmann et al., 2009). On the longterm average, the downward adve tion of dense waters due to these inows is balan ed by
verti al mixing, whi h is, similar to the mu h larger o ean basins,

onned to the bottom

boundary layers on the slopes as re ently shown from the results of a tra er experiment and
turbulen e mi rostru ture observations in the

entral Balti

Sea (van der Lee and Umlauf,

2011; Holtermann et al., 2012; Holtermann and Umlauf, 2012).
On even smaller s ales, the pro esses des ribed above have also been observed in lakes
that form the fo us of the se ond part of this work.

Also here, tra er studies and dire t

turbulen e observations have shown that boundary mixing is the key to basin-s ale mixing,
ontrolling energy dissipation and net verti al transport of matter and heat (Goudsmit
et al., 1997; Wüest and Lorke, 2003; Wain and Rehmann, 2010). However, sin e the deepest
layers in most lakes are ventilated at least on e per year by
renewal due to bottom gravity

urrents plays a mu h less

Ex eptions are a number of large and deep meromi ti

omplete overturning, deep-water
riti al role

ompared to the o ean.

lakes that remain stably stratied

throughout the year, with the deep layers ventilated mainly by dense waters

as ading

down the slopes. Examples for this pro ess in lude the world's deepest lake, Lake Baikal
(Killworth et al., 1996; Wüest et al., 2005), and Lake Geneva, one of the largest Western
European lakes (Fer et al., 2001). The overall
transport of uid in the form of dense bottom
onstitute two essential

on lusion from this is that the downward
urrents, and the subsequent upward mixing,

omponents of the basin-s ale overturning

ir ulation in the majority

of stratied basins, over a large range of s ales and for various for ing
of pro esses have re eived

onditions. Both types

onsiderable attention in the past, and will also be

entral to this

work.
The mathemati al des ription of dense bottom

urrents has mainly been based on the frame-

work of invis id rotating hydrauli s (e.g., Gill, 1977; Killworth, 1992), and more re ently also
on theories emphasizing the role of fri tional ee ts (Wåhlin, 2004; Darelius and Wåhlin,
2007). So- alled stream-tube models
su

ombine aspe ts of both approa hes, and have been

essfully used to predi t the propagation pathways of gravity

urrents in the presen e of

topography and entrainment (Smith, 1975; Baringer and Pri e, 1997b). All of these theories, however, des ribe gravity
whi h

urrents only as verti ally homogeneous near-bottom layers,

ompletely ignores the internal stru ture of these ows.

Ex ept for a few three-

dimensional modeling studies (e.g., Ezer, 2006), the reasons for and dynami al impli ations
of the observed internal variability and stru ture of bottom gravity

urrents have re eived

surprisingly little attention. Based on idealized numeri al investigations, and an extensive
observational program in the Balti

Sea, these issues are the

of this work des ribed in the following Chapter 2.

entral topi

of the rst part

Introdu tion
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In the se ond part, a spe ial type of boundary mixing pro ess, identied a few years ago
in the boundary layer of a lake with strong internal sei hing a tivity, will be analyzed. In
this pro ess, dierential adve tion leads to gravitationally unstable layers inside the bottom
boundary layer (Lorke et al., 2005), with yet unknown impli ations for the overall dynami s
and diapy nal mixing. A similar me hanism, though strongly modied by rotational ee ts,
has also been identied on the o ean (Moum et al., 2004), suggesting that this phenomenon
is of some general relevan e. Fo using on lakes with small rotational ee ts, the dis ussion
in Chapter 3 extends a number of re ent studies of boundary mixing that take into a

ount

the internal stru ture of the near-bottom layer but ignore the possibility and impli ations of
gravitationally unstable layers and near-bottom

onve tion (e.g., Perlin et al., 2005, 2007;

Taylor and Sarkar, 2008).
This work has been funded by the German Resear h Foundation (DFG) through the proje ts
QuantAS (Quanti ation of water mass transformation in the Arkona Sea) and ShIC (Shearindu ed

onve tion in bottom boundary layers). I am indebted to various

students that a

ompanied the extensive eld program for the gravity

olleagues and

urrent studies, es-

pe ially to Hans Bur hard, who was also involved in the modeling part of this proje t, and
supported this work in many other ways. I enjoyed the inspiration and reliable

ollabora-

tion with Lars Arneborg from the University of Gothenburg (Sweden) in the framework of
QuantAS, and with Alfred Wüest from the Swiss EAWAG and Andreas Lorke, at that time
at the University of Constan e, who motivated the modeling investigations of shear-indu ed
onve tion in lakes. Numeri al simulations have been performed with the open-a

ess mod-

els GETM (www.getm.eu) and GOTM (www.gotm.net), and Karsten Bolding's

ontinued

eort to keep these

odes in an ex ellent state is greatly appre iated.
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Chapter 2

Internal stru ture and dynami s of
fri tionally ontrolled gravity
urrents
2.1

Introdu tion

Bottom gravity
to form

ru ial

urrents passing over a sill or through a topographi
ontrol points for the general overturning

basins. This important

lass of ows has therefore attra ted

past de ades of o eanographi

onstri tion are known

ir ulation in stratied o ean
ontinuous attention over the

resear h, with some well-investigated examples in luding the

Faroe Bank Channel overow (Mauritzen et al., 2005; Seim and Fer, 2011), the Mediterranean outow through the Strait of Gibraltar (Baringer and Pri e, 1997a), and the Red Sea
outow plume passing through a system of submarine
et al., 2005). Analogous to their large-s ale

anyons into the Arabian Sea (Peters

ounterparts in the o ean, also in the Balti

Sea

the deep water formation pro ess is strongly depending on the transport of water masses
asso iated with dense deep-water inows. A re ent resear h fo us in this area have been
the gravity

urrents passing through topographi

in the Southern Balti
the Balti

onstri tions like the Bornholm Channel

(Borenäs et al., 2007; Reissmann et al., 2009), the Stolpe Channel in

Proper (Paka et al., 1998; Zhurbas et al., 2012), and the small-s ale

the Western Balti

that will be the main topi

of this

hannels in

hapter (Umlauf et al., 2007; Umlauf

and Arneborg, 2009a). On even smaller spatial s ales, usually referred to as topographi
orrugations, eld observations (e.g. Foldvik et al., 2004; Sherwin et al., 2008), idealized
numeri al modeling studies (Liang and Garwood, 1998; Il ak et al., 2011), and laboratory
experiments (Davies et al., 2006; Wåhlin et al., 2008; Darelius, 2008) have revealed that
submarine ridges and

anyons are responsible for the ee tive downward transport of dense

6
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shelf waters that ultimately determines deep-water formation. As will be shown in the following, the Balti

Sea forms a nearly ideal natural laboratory for the investigations of these

ows.
The

lassi al des ription of bottom gravity

urrents in the vi inity of topographi

stri tions follows the framework of rotating hydrauli

theory, based on the

on-

onservation of

potential vorti ity and mass, and the Bernoulli equation formulated for a negatively buoyant near-bottom layer (Gill, 1977; Pratt and Lundberg, 1991; Killworth, 1992). Hydrauli
theory has proven parti ularly useful for ows with hydrauli
for the

ontrol points, where it allows

omputation of the lateral interfa e stru ture and transport

apa ity from a limited

number of upstream parameters (e.g., Pratt, 2004; Lake et al., 2005). However, as already
on luded by Pratt (1986) from simple s aling arguments, there is an in reasing body of
eviden e that real o eani

gravity

urrents are strongly inuen ed by fri tional ee ts, dif-

ferent from most laboratory experiments and the assumptions of
Bulk momentum budgets

lassi al hydrauli

theory.

onstru ted from observations (Johnson et al., 1994b; Baringer

and Pri e, 1997a; Astraldi et al., 2001), and dire t turbulen e measurements (Johnson et al.,
1994a; Peters and Johns, 2005, 2006; Umlauf and Arneborg, 2009a) have provided further
support for this

hanging view on dense bottom

urrents.

These ndings have indu ed a number of attempts to modify the hydrauli

equations to

in orporate fri tional ee ts (e.g. Pratt, 1986; Johnson and Ohlsen, 1994). Above all, however, they have motivated the development of a new
on the prin iples of hydrauli

lass of models not based any more

theory. These models, usually formulated as a set of layer-

integrated equations for a single a tive near-bottom layer with redu ed gravity, assume that
the bulk momentum budget in the main ow dire tion is

hara terized by a balan e be-

tween the interfa ial pressure gradient and the sum of the bottom and entrainment stresses.
This simple balan e, sometimes referred to as fri tional
ory of the upstream

onditions (e.g., of upstream potential vorti ity) is lost, redu ing the

model geometry to two dimensions in the
tions from the Balti

ontrol, implies that any mem-

ross-stream dire tion.

Motivated by observa-

Sea, Lundberg (1983) has formulated the basi

prin iples in form of

a layer-integrated redu ed-gravity model, later modied and extended to des ribe gravity
urrents passing through dierent types of submarine

anyons (Wåhlin, 2002, 2004) or along

ridges (Darelius and Wåhlin, 2007; Darelius, 2008). Models of this type have been reported
to provide plausible des riptions of the lateral interfa e stru ture and transport
of o eani

(Wåhlin, 2004; Borenäs et al., 2007) and laboratory gravity

apa ity

urrents (Darelius,

2008; Cuthbertson et al., 2011).
One immediate

onsequen e of fri tional

ontrol that will be a

entral point in the following

dis ussion is the emergen e of near-bottom and interfa ial Ekman transports. These lateral
ir ulation patterns may distort the internal density stru ture of the gravity
strongly modify the dynami s.

Johnson and Sanford (1992) attributed the

urrent and
ross- hannel
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density stru ture and se ondary ( ross- hannel)
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ir ulation patterns in the Faroe Bank

Channel overow to this ee t, analyzed later in more detail in laboratory experiments
(Johnson and Ohlsen, 1994) and idealized numeri al simulations (Ezer, 2006). Se ondary
urrents asso iated with lateral Ekman transports were also invoked by Paka et al. (1998)
in order to explain the lateral density stru ture in the Stolpe Channel, a well-known propagation pathway for bottom gravity
Ekman transports

urrents in the Balti

onstitute only one, although

ru ial,

ulation su h that the existing pi ture of fri tionally

Sea. As shown below, however,
omponent of the se ondary

ontrolled gravity

ir-

urrent remained

in omplete at that time.
The following se tions des ribe some new insights into the
ontrolled, rotating gravity

omplex physi s of fri tionally

urrents, re ently gained in the framework of the QuantAS

proje t (Quanti ation of water mass transformations in the Arkona Sea), funded by the
German Resear h Foundation (DFG). Fo al area of QuantAS was the Arkona Basin in the
Western Balti , a region well-known for the o
larly

urren e of gravity

urrents with parti u-

lear and stable signals due to frequently intruding saline waters from the North Sea

(Reissmann et al., 2009). QuantAS has

ombined observations from ship

ampaigns (e.g.,

Sells hopp et al., 2006; Umlauf et al., 2007) and numeri al investigations (e.g., Bur hard
et al., 2009; Umlauf et al., 2010) to obtain an integrated view of the dynami s of gravity
urrents in this important region for water mass transformation.

Key

omponent of this

study were observations of turbulen e parameters that are di ult to obtain in real o eani
gravity

urrents, and therefore rare. These results have helped understanding the dynam-

i s of larger systems like the well-investigated Faroe Bank Channel overow at the North
Atlanti

margin (Fer et al., 2010; Seim and Fer, 2011)

In the following, the s ienti

ba kground and the

ontribution of 7 papers that

the rst part of this work will be briey summarized. The

onstitute

ombined modeling and observa-

tional study in Paper 1 by Arneborg et al. (2007) dis usses a one-dimensional des ription of
the dynami s of dense bottom
high-resolution, synopti
a topographi ally

urrents. Paper 2 by Umlauf et al. (2007)

measurements of hydrographi

onstrained o eani

gravity

urrent.

ontains the rst

and turbulen e parameters a ross
This data set has motivated the

analysis of the dynami s of su h ows dis ussed in Papers 3 and 4 by Umlauf and Arneborg
(2009a,b). Complementary to these observational studies, in Paper 5 Umlauf et al. (2010)
analyze the dynami s of fri tionally

ontrolled, rotating gravity

idealized numeri al simulations. Essential for the
these

urrents with the help of

orre t representation of entrainment in

omplex ows was a reliable parametrization of sub-grid s ale mixing that is dis ussed

in detail in Paper 6 by Umlauf and Bur hard (2005). Some spe ial modeling issues regarding the des ription of mixing and entrainment in dense bottom gravity

urrents and other

relevant ows in large-s ale o ean models are nally dis ussed by Umlauf (2009) in Paper
7.
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2.2

Mathemati al des ription

Based on the assumption that information about the upstream
fri tionally

ontrolled gravity

onguration.

onstant down- hannel tilt,

Sx ≪ 1,

around the verti al axis (Figure 2.1). The down- and

are denoted by

x

onsidered,

urrent passing through an innitely long and deep

an innitely long ridge) with

f /2,

an be des ribed in a two-dimensional

Therefore, in Papers 1-5 an idealized geometry was

of a bottom gravity

rate,

urrents, the problem

onditions is negligible in

and

y,

respe tively, su h that the

respe t to the verti al. The gravity

z -axis

onsisting

hannel (or along

rotating at a

ross- hannel

onstant

oordinates

exhibits a small tilt,

Sx ,

with

urrent is driven by its negative buoyan y relative to

the ambient uid,

b = −g
where

g

denotes the a

density, and

ρ∞

ρ − ρ∞
,
ρ0

(2.1)

ρ the (potential) density, ρ0 a
ambient uid for z → ∞. Changes in

eleration of gravity,

the density of the

dire tion are ignored (∂/∂x

≡ 0) su

the down- hannel

h that the problem be omes two-dimensional in the

plane. The main ow dire tion is thus aligned with the

Figure 2.1: (a) S hemati

onstant referen e

view of a

x-axis

y -z

(Figure 2.1).

hannelized bottom gravity

urrent. The large arrow

indi ates the dire tion of the down- hannel ow.

2.2.1 Governing equations
Assuming a ow with small aspe t ratio, the evolution of the down- and
velo ities,

u

and

v,

and the buoyan y,

Boussinesq equations. In the rotated
small down- hannel tilt

Sx ≪ 1,

it

b,

ross- hannel

is des ribed by the shallow-water version of the

oordinate system depi ted in Figure 2.1, assuming a

an be shown that these equations are of the following

Internal stru ture and dynami s of fri tionally ontrolled gravity urrents
form:

1 ∂τx
∂u ∂uv ∂uw
+
+
− f v = − f vg −
,
∂t
∂y
∂z
ρ0 ∂z
∂v ∂v 2 ∂vw
+
+
+ fu =
∂t
∂y
∂z
∂b ∂bv ∂bw
+
+
∂t
∂y
∂z

where

are the geostrophi

velo

f ug −

=

−

1 ∂τy
,
ρ0 ∂z

Z
bSx
1 ∞ ∂b
dz̄ , vg =
,
ug =
f z ∂y
f
ities, τx and τy the turbulent uxes

velo ity ve tor is denoted by

w,

omputed from a

(2.2)

∂G
,
∂z

(2.3)

G

of momentum, and

turbulent buoyan y ux (lateral turbulent uxes are ignored).

The

z-

ontinuity equation of the form:
(2.4)

For the idealized ows dis ussed in the following, it is assumed that
i.e. far above the interfa e of the gravity

the

omponent of the

∂v ∂w
+
=0 .
∂y
∂z
u, v, b → 0

for

z → ∞,

urrent.

The dierential equations in (2.2)-(2.4) form the basis for the analysis of gravity
in this work.

9

urrents

Identi al equations have been used in the modeling study in Paper 5 by

Umlauf et al. (2010), and dierent types of simpli ations are dis ussed in Papers 1-4.
More spe i ally, in Paper 1, Arneborg et al. (2007)

onsidered a

ombined model-data

approa h with the help of a one-dimensional (verti al) set of equations derived from (2.2)(2.4) by assuming that

ross- hannel derivatives

an ignored, implying through (2.4) that

all adve tion terms vanish. In the theory of Umlauf and Arneborg (2009b) (Paper 4),

ross-

hannel gradients were retained but the ow was assumed to be quasi-stationary, whi h
turned out to be su ient to explain the

omplex lateral density stru ture in these ows.

2.2.2 Representation of the turbulent uxes
While for the observational data des ribed in Papers 1-4, the turbulent uxes appearing
on the right hand side of (2.2) have been estimated from dierent types of turbulen e
measurements, for the numeri al solutions des ribed in Paper 1 by Arneborg et al. (2007)
and Paper 5 by Umlauf et al. (2010) a turbulen e
a

ount of this rather

losure model was required. A detailed

omplex issue is given in the review arti le by Umlauf and Bur hard

(2005), whi h in ludes the des ription of the turbulen e models used in Papers 1 and 5.
Briey, in these turbulen e models the turbulent uxes of momentum,
buoyan y ux

G

are

τx

and

τy ,

and the

omputed from gradient expressions of the form:

τx
∂u
,
= −νt
ρ0
∂z

τy
∂v
,
= −νt
ρ0
∂z

G = −νtb

∂b
,
∂z

(2.5)
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where the turbulent diusivities,

νt = cµ

follow from an algebrai

k2
,
ε

νtb = cbµ

k2
,
ε

se ond-moment turbulen e model

transport equations for the turbulent kineti

energy

k

(2.6)

ombined with two prognosti

and the dissipation rate

ε

(or, as in

dissipation rate ω = ε/k ). The fun tions cµ and
b
cµ depend on the non-dimensional stability parameters Sk/ε and N k/ε, where S is the
2
total verti al shear and N ≡ ∂b/∂z denes the buoyan y frequen y N . Numeri al and
Arneborg et al. (2007), for the spe i

implementation issues are dis ussed in the do umentation of the General O ean Turbulen e
Model (GOTM, see Umlauf et al., 2005).
A parti ular problem in the des ription of gravity

urrents with numeri al models is related

to the fa t that, at least in non-rotating ows, the verti al shear and thus the shear produ tion of turbulent kineti

energy vanishes at the velo ity maximum. A number of frequently

used turbulen e models that relate the turbulent diusivity to the gradient Ri hardson number,

Ri = N 2 /S 2 ,

will fail to predi t mixing

orre tly at su h lo ations where

A similar problem appears at the velo ity maximum of jet-like o eani

Ri → ∞.

urrents like the

equatorial under urrent, suggesting that this ee t is of some general relevan e.

Spe ial

modeling strategies required to over ome these turbulen e modeling issues are dis ussed by
Umlauf (2009), in luded in this thesis as Paper 7.

2.3

Bulk dynami s

Mu h of the progress made in re ent years with the theoreti al des ription of fri tionally
ontrolled gravity

urrents was based on verti ally integrated redu ed-gravity models, whi h

for this reason are briey reviewed here. The key assumption in this approa h is that the
gravity

urrent

an be represented as a homogeneous material volume of uid with

(negative) buoyan y

b,

superimposed by an innitely thi k stagnant layer with

onstant

b = 0.

This

type of approximation, sometimes referred as the 1.5-layer model, applies in situations
where the entrainment stress at the interfa e is dynami ally insigni ant, and the time
s ales

onsidered are small

ompared to the time s ale for signi ant

hanges of the interior

buoyan y due to mixing with ambient water (Wåhlin, 2004; Darelius and Wåhlin, 2007).
While a number of interesting results

an be obtained with this simplied system, the main

purpose of this hapter is to demonstrate that rotational ee ts distort the interfa ial density
stru ture to an extent that is not any more
the 1.5-layer model.

onsistent with the geometri

assumptions of

Internal stru ture and dynami s of fri tionally ontrolled gravity urrents
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2.3.1 Governing equations
The geometry of the 1.5-layer model is illustrated in Figure 2.2 for a gravity
through an innitely long
long submarine ridge is

hannel (the

urrent passing

ase of a gravity

urrent passing along an innitely

ompletely analogous). The ow

onsists of a buoyan y-driven near-

H , bounded from above by a material free surfa e representing the
z = η , and from below by topography (z = −D ) su h that H = η + D

bottom layer of thi kness
density interfa e at
(Figure 2.2).

Figure 2.2: Geometry of the 1.5-layer model for a rotating gravity
an innitely long

hannel. Note that the

urrent passing through

oordinate system is titled in the down- hannel

dire tion as shown in Figure 2.1.

Using the standard kinemati
additional assumption that

boundary

u and v

onditions for a material free surfa e, and the

are verti ally

onstant, (2.4) may be integrated to yield

an equation for the interfa e elevation:

∂η
∂vH
=−
∂t
∂y
Analogously, it

.

(2.7)

an be shown that integration of (2.2) results in an integrated momentum

budget of the form

∂uvH
∂uH
+
− f vH = −bHSx − CD |u| u ,
∂t
∂y
(2.8)

∂vH
∂v 2 H
∂η
+
+ f uH = bH
− CD |u| v ,
∂t
∂y
∂y
where the bottom stress has been expressed by a quadrati
the drag

oe ient, and

|u| = (u2 + v 2 )1/2

drag law with

CD

the total speed. Wåhlin (2002) has

denoting
ompared

this drag law to dierent alternatives, in luding a linear representation of bottom drag
and a parametrized Ekman layer, nding, however, only small dieren es among these
models if the

orresponding drag

thi knesses. Although

oe ients are adjusted to yield

omparable Ekman layer

ompli ating the analyti al solution (2.8), the quadrati

relationship

Internal stru ture and dynami s of fri tionally ontrolled gravity urrents
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is preferred here be ause it

an be shown to be

onsistent with

lassi al turbulent boundary-

layer s aling and with the representation of near-bottom turbulen e in the turbulen e models
employed in Papers 1, 5, 6, and 7. A quadrati
order of

CD =

dependen y with a drag

oe ient of the

10−3 was also inferred from the dire t bottom stress measurements dis ussed

in Paper 3 (Umlauf and Arneborg, 2009a).
Finally, it should be noted that no new information is obtained from the integrated buoyan y
equation in (2.2):

in the absen e of entrainment the buoyan y

b

remains

onstant and

homogeneous for all times.

2.3.2 Properties of the solution
The expressions in (2.7) and (2.8) form a
and

η.

of a

losed set of equations for the 3 unknowns

u, v ,

To illustrate the properties of this system, it is numeri ally solved here with the help

onservative nite volume approa h, using resolutions in spa e and time that are high

enough to insure fully

onverged results. These simulations are not part of Papers 1-5, and

mainly serve the purpose of introdu ing the basi

prin iples and

onsequen es of fri tional

ontrol.
The gravity

urrents des ribed in Papers 1-5 exhibit a typi al thi kness of the order of

10 m, and, laterally
10 km. The basi
geometry,

Sx =

onstrained by the lo al

properties of these ows will be illustrated with the help of an idealized

onsisting of an innitely long,

osine-shaped

5 × 10−4 , and bottom drag oe ient

zero velo ities, a at interfa e, a buoyan y
of

hannel topography, a width of the order of

H = 10 m at the deepest point of the

CD =

hannel with down- hannel slope

10−3 . The simulations are initialized with

ontrast of

b = −0.1 m s−2 , and a lo

hannel, resulting in a width of 10 km at the interfa e

◦
level. The lo al latitude of 55 N orresponds to a Coriolis parameter of
and a lo al inertial period of

al thi kness

Tf = 14.65 h.

These values are

f = 1.12× 10−4

s

−1 ,

onsistent with the observations

des ribed in Papers 2, 3 and 4 (Umlauf et al., 2007; Umlauf and Arneborg, 2009a,b), and
the verti ally resolved simulations in Paper 5 (Umlauf et al., 2010), whi h fa ilitates a dire t
omparison.

Temporal evolution
Snapshots of the lateral stru ture of the solution at sele ted times (Figure 2.3) show the
evolution of a swift down- hannel ow with speeds rea hing
for a geostrophi

adjustment of the interfa e.

0.7 m s−1 , and

lear indi ations

Near the edges, the down- hannel speeds

be ome vanishingly small due to the in reasing inuen e of fri tion, and the geostrophi ally
balan ed interfa e slope tends to zero.
Wåhlin (2002, 2004), who

A similar behavior was already pointed out by

onsidered the stationary

ase with linear fri tion. Time series

Internal stru ture and dynami s of fri tionally ontrolled gravity urrents
of the velo ities and interfa e displa ements in the
already after one inertial period the gravity
onditions. Os illations in the
as

hannel
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enter (Figure 2.4) reveal that

urrent has rea hed approximately stationary

ross- hannel speed and interfa e elevation, easily identied

ross- hannel internal sei hes with a period of approximately 6 h, are qui kly damped

out due to bottom fri tion (Figure 2.4b, ).
understood by
dimensional

omparing the gravity

This unexpe tedly strong damping

urrent solution with the non-rotating, purely two-

ross- hannel sei hing problem with vanishing down- hannel ow (u

the pure sei hing

an be

= 0).

For

ase, the drag term on the right hand side of (2.8) adopts the form

CD |v| v , whereas for the
CD |u| v ≈ CD uv . This

hannelized gravity
is a fa tor of

urrent

u/v ≫ 1

onsidered here (u

larger

≫ v)

one nds

ompared to the sei hing

ase,

demonstrating that the swift down- hannel ow is essential for the strong damping and
qui k geostrophi

adjustment.
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Figure 2.3: Numeri al solution of (2.7) and (2.8) at dierent times (here spe ied as fra tions
of the inertial frequen y

−0.1

m s

−2 ,

CD = 10−3 ,

Tf = 14.65 h). Model
−4 s−1 .
and f = 1.12 × 10

parameters are:

Sx = 5 × 10−4 , b =
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0
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C
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−1

t Tf
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Figure 2.4: Solutions of (2.7) and (2.8) for (a) the down- hannel velo ity, (b) the
hannel velo ity, and ( ) the total thi kness of the gravity
enter of the

hannel. Parameters

ross-

urrent, all evaluated in the

orrespond to those given in Figure 2.3.

Stationary solution
Given the qui k adjustment time of the simulated ow, it is interesting to look for stationary
solutions of (2.7) and (2.8).

In this

ontinuity equation (2.7) requires
(2.8)

ase, all rate terms vanish by denition, and the

v =0

everywhere. Thus, without further assumptions,

an be written as

bHSx = −CD u2 ,
fu = b
whi h reveals the essential dynami al
ity

(2.9)

∂η
,
∂y

omponents of a rotating, fri tionally- ontrolled grav-

urrent: (a) a balan e between bottom fri tion and the down- hannel interfa ial pressure

gradient, and (b) a simple geostrophi

balan e in the

Further insight into the physi al properties of (2.9)

ross- hannel dire tion.
an be gained by re-formulating it in

non-dimensional form. To this end, it is helpful to introdu e the Ekman number,

Ek =
measuring the ratio of the bottom stress,

CD u
,
fH

CD u2 , and the Coriolis for

(2.10)

e,

f uH .

With the help

Internal stru ture and dynami s of fri tionally ontrolled gravity urrents
(2.9), the Ekman number
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an be expressed in two alternative non-dimensional ways that

reveal some interesting properties:

Sx
Ek = − ′ =
η
where the prime denotes the

1
2

,

(2.11)

y,

and

bCD Sx
f2

(2.12)

ombines all parameters of the problem. The rst equality in

(2.11) shows that the Ekman number
and

δ
H

ross- hannel derivative with respe t to

δ=−
is a xed length s ale that



an be interpreted as the ratio of the down- hannel

ross- hannel interfa e tilts: ows with larger Ekman number, and thus greater relative

importan e of fri tional ee ts, exhibit a larger relative down- hannel tilt. The last term
in (2.11) suggests that

δ

has the physi al signi an e of an Ekman layer thi kness. From

inspe tion of the shape of this term in (2.12), it is easily seen that slowly rotating ows in
steep

hannels with large bottom roughness and large buoyan y

ontrast exhibit a stronger

relative importan e of fri tional ee ts.
Sin e the topography

D

is given, and

η′ = H ′ − D′

(see Figure 2.2), the se ond equality in

(2.11)

an also be understood as a rst-order dierential equation for the plume thi kness

H(y).

In spite of its apparent simpli ity, the non-linearity of (2.11) makes it rather di ult

to nd

losed analyti al solutions ex ept for very simple topographi

shapes. A numeri al

solution of (2.11), however, is easily found, and shown in Figure 2.5 for the parameter set
used above. The interfa e elevation is seen to be almost identi al to that shown in Figure
2.3 after one inertial period,
is already

onrming the above

on lusion that at this time the solution

lose to the steady state.

0
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−5
−10
−15
−20
−10

−5

0
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Figure 2.5: Numeri al solution of (2.11) for the parameters also used in Figure 2.3 above.

2.4

Observations

The observational program des ribed in Papers 1-4 fo used on a submarine
the Western Balti

hannel in

Sea that was found to be the major pathway for saline bottom gravity
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urrents entering through the Sound from the Kattegat (Figure 2.6). Measurements in luded
moored

urrent meters in the

enter of the

hannel, ship-based measurements with vessel-

mounted and towed ADCPs, as well as densely-spa ed turbulen e mi rostru ture proling.
The latter was performed with a free-falling instrument providing nearly full-depth proles
of temperature,

ondu tivity, and

important hydrographi
diusivity, et .)

urrent shear at

entimeter s ales, from whi h the most

and turbulen e parameters (density, dissipation rate, turbulent

an be derived. Te hni al aspe ts of these measurements are des ribed in

Paper 1 (Arneborg et al., 2007) and Paper 3 (Umlauf and Arneborg, 2009a).
Data of this type were obtained during dierent years with high resolution in time (e.g., a
few minutes per mi rostru ture prole) at a lo ation in the

enter of the

by Arneborg et al., 2007), as well as on dierent transe ts a ross the

hannel (Paper 1

hannel (Papers 2-4

by Umlauf et al., 2007; Umlauf and Arneborg, 2009a,b). On one of these transe ts (Figure
2.6 ), data from two simultaneously operating ships provided a synopti
view of the

and highly-resolved

ross- hannel stru ture of a vigorously turbulent bottom gravity

regarding both resolution and parameter range,

an still be

urrent that,

onsidered unique. This detailed

data set has provided a number of new insights into the internal stru ture and dynami s of
turbulent rotating gravity

urrents that will be des ribed in the following.

2.4.1 Non-dimensional bulk parameters
A frequently used parameter for the

hara terization of gravity

urrents is the Froude num-

ber, here dened as

Fr =
where

∆U

gravity

and

∆U

,

1

(−BH) 2

B denote suitably dened bulk velo

(2.13)

ity and buoyan y dieren es between the

urrent and the ambient uid. In Paper 4, Umlauf and Arneborg (2009b) have shown

that in the
similar to

enter of the

F r ≈ 0.5

hannel this parameter is typi ally in the range

found in Paper 1 at the same lo ation during a previous

These Froude numbers are substantially below the
hydrauli

0.2 ≤ F r < 0.5,

riti al value

F r = 1,

ampaign.

indi ating that

ontrol and interfa ial entrainment are not expe ted to have signi ant dynami al

ee ts (Turner, 1986; Cenedese and Addu e, 2010).
A se ond important parameter is the Ekman number that was already introdu ed in (2.10)
in the

ontext of the 1.5-layer model with parametrized bottom fri tion. Here, it is refor-

mulated somewhat more generally as

Ek =
where

τb

|τ b |
,
ρ0 f U H

denotes the bottom stress ve tor, and

if the uid above the gravity

U

urrent is stagnant.

(2.14)

a typi al bulk speed, equal to
During dierent

∆U

only

ampaigns analyzed
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Figure 2.6: Maps of (a) North Sea and Balti

Sea, (b) Western Balti

17

Sea, and ( ) study

area in the Arkona Basin. The position of the moored ADCP and ADV is marked by the red
re tangle, and the approximately 11 km long
is indi ated by the blue line.

ross- hannel transe t north of Kriegers Shoal

Ship-based observations on the transe t in luded densely-

spa ed turbulen e mi rostru ture and ADCP measurements. The pathways of saline nearbottom
Depth

urrents entering through the Sound are s hemati ally indi ated by the blue arrows.
ontours are given at 2-m intervals.

in paper 1 and 4 (Arneborg et al., 2007; Umlauf and Arneborg, 2009b), Ekman numbers
of the order of 1 were found, underlining the rst-order importan e of fri tional ee ts in
the gravity

urrents studied here. In view of these ndings, it may thus be expe ted that

fri tional rather than hydrauli

ee ts

onstitute the essential

ontrol me hanism.

2.4.2 Cross- hannel stru ture
A

ombined view of the

ross- hannel density and velo ity stru ture, adapted from Paper 3

(Umlauf and Arneborg, 2009a), is shown in Figure 2.7. This gure reveals a dense bottom
layer of up to 15 m thi kness, separated from the ambient uid by a well-dened interfa e.
The density anomaly of the gravity

urrent exhibits some variability but is of the order of

−3 , and therefore about one order of magnitude larger
10 kg m

ompared to typi al large-

s ale overows in the o ean (e.g., Baringer and Pri e, 1997a; Seim and Fer, 2011). The
signal in density is mirrored in the velo ity distribution, showing a

lear

ompa t layer of uid

Internal stru ture and dynami s of fri tionally ontrolled gravity urrents
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moving with speeds up to 0.7 m s

−1 towards East, down the

hannel. Asso iated with this

swift ow is a lateral interfa e tilt that Umlauf and Arneborg (2009b) showed to be largely
geostrophi ally balan ed.

−3 ) stru ture

Figure 2.7: Transverse view of down- hannel velo ity and density (ρ−1000 kg m
along the

ross- hannel transe t marked in Figure 2.6 . Data were

olle ted within less than

3 hours on 17 November 2005. Modied gure from Umlauf and Arneborg (2009a).

A

loser look into the density stru ture shown in Figure 2.7 reveals two remarkable features

that

annot be explained in the framework of the 1.5-layer model but will be

entral for the

following analysis. First, it is evident that the interfa e, rather than representing a sharp
density jump, has the

hara ter of a wedge-shaped transition region with strongly varying

thi kness, gradually in reasing from less than a meter on the northern rim of the

hannel up

to several meters on the opposite side. The se ond interesting feature is the evolution of a
lateral density gradient in the interior region below the interfa e in the southern part of the
hannel, where nearly verti al isopyn als are observed (the northern part is not ae ted by
this). This rather pe uliar density stru ture seems to be a robust feature, observed during
dierent years at the same lo ation, as well as in other gravity
e.g. in the Bornholm Channel in the Southern Balti
et al., 2009) and in the Stolpe Channel in the Balti

urrents in the Balti

(Petrén and Walin, 1976; Reissmann
Proper (Paka et al., 1998; Zhurbas

et al., 2012). The dynami al reasons for these observed patterns are tightly
the transverse

Sea,

onne ted to

ir ulation that will be dis ussed in the following.

2.4.3 Se ondary ir ulation
The unexpe ted

omplexity of the lateral density stru ture is also mirrored in the velo ity

timeseries derived from the ADCP moored near the
the signal of the down- hannel

omponent merely

enter of the hannel (Figure 2.8). While
onrms the stationarity of the ow,

and the verti al stru ture already found in Figure 2.7, the transverse
a surprisingly

omplex and stable pattern. A three-layer

ir ulation

omponent reveals

an be distinguished,

Internal stru ture and dynami s of fri tionally ontrolled gravity urrents
with a pronoun ed jet-like

urrent (to the left, looking upstream) inside the interfa e, a

return ow in the interior just below the interfa e, and a
of the ow.
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urrent reversal in the lower part

Similar observations had already been made in Paper 1 by Arneborg et al.

(2007), who were puzzled by the fa t that the near-bottom ow was exa tly opposite to
that predi ted from Ekman theory. A full

ross- hannel transe t of the transverse velo ity

dis ussed in Paper 3 by Umlauf and Arneborg (2009a) has shown that the interfa ial jet
persists, with variable strength, a ross the whole width of the gravity
near-bottom layer with the
enter of the

urrent reversal is

urrent, whereas the

onned to a relatively narrow region in the

hannel (not shown). A dynami al explanation for these features was given in

Papers 4 and 5 as dis ussed in more detail below.
Note that,

onsistent with the strong damping suggested by the model results displayed

in Figure 2.4, no signi ant

ross- hannel internal sei hing motions are observed.

This

indi ates that the observations of the transverse stru ture dis ussed above have been synopti , whi h is rarely the

ase in o eani

gravity

urrent studies that generally suer from

undersampling due to the strong variability indu ed by tides and ow instabiltities.

Figure 2.8: Time series of (a) down- hannel velo ity, and (b)
north) near the

hannel

ross- hannel velo ity (positive

enter (position is marked in Figure 2.6 ). The white line marks

the interfa e layer, here dened as the ADCP bin with maximum verti al shear. The time
period in ludes the measurements shown in Figure 2.7, the latter

orresponding to 2.7 hours

during days 320.33-320.44. Modied gure from Umlauf and Arneborg (2009a).
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2.4.4 Mixing and entrainment
The rate at whi h ambient uid is entrained by turbulent motions into a dense bottom
urrent determines its density and nal interleaving depth, and is therefore of primary interest in the investigation of su h ows. Of similar relevan e is the ee t of turbulen e on
the bottom and interfa ial stresses that both may be essential for the bulk dynami s. The
standard approa h for quantifying these pro esses has been based on the
budgets at dierent downstream

ross-se tions of the gravity

onstru tion of

urrent (e.g., Baringer and

Pri e, 1997a,b), whi h, however, involves some rather serious model assumptions (e.g., stationarity), and generally leads to large un ertainties if entrainment rates are small. In su h
ases (the gravity

urrents in the Balti

Sea form one example), dire t observation of the

turbulent uxes is often the only available alternative for obtaining reliable entrainment
estimates.
However, the te hni al and logisti al

hallenges involved in dire t turbulen e measurements

have so far prevented their wide-spread use in o eani

gravity

urrent studies.

Shear-

mi rostru ture measurements, the most involved but also most generally appli able and
a

urate te hnique of this type, have been used to obtain mixing parameters only in a few

examples, among them two

ampaigns in the Mediterranean outow (Wesson and Gregg,

1994; Johnson et al., 1994a), an investigation of the Storfjorden overow (Fer, 2006), and
a re ent study of mixing in the Faroe Bank Channel overow (Fer et al., 2010; Seim and
Fer, 2011).

Following a dierent method, a few studies have also attempted to estimate

mixing parameters from the statisti al analysis of density overturns in CTD proles, whi h,
by energeti

arguments,

an be related to energy dissipation and mixing (Fer et al., 2004;

Mauritzen et al., 2005; Peters and Johns, 2005). Ex ept for the data dis ussed in this work,
the only dire t measurements of the bottom momentum ux (or stress) in a gravity

urrent

appear to be the observations in the Red Sea outow plume by Peters and Johns (2006).
While providing valuable insights into the mixing behavior of gravity

urrents that would

have been unattainable with any other means, these studies were generally not able to
provide a synopti

and spatially

oherent pi ture of mixing and entrainment due to the

large spatial s ales, large depth, and strong temporal variability in the presen e of tides and
ow instabilities. Be ause of the absen e of tides and the stabilizing ee ts of topography
and fri tion, gravity

urrents in the Balti

than their large-s ale

Sea exhibit a mu h smaller temporal variability

ounterparts in the o ean, and are mu h more easily a

essible with

turbulen e instrumentation. Yet, their spatial s ales are large enough to make rotation a
rst-order ee t, and to guarantee that mole ular (vis ous) ee ts
reasons, the Balti

Sea

an be ignored. For these

an be viewed as an ideal natural laboratory for studying the ee ts

of turbulen e and rotation in dense gravity

urrents.

These fa ts have been exploited in Paper 1 by Arneborg et al. (2007), who presented the
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rst highly resolved timeseries of simultaneous observations of verti al
i ation, and turbulen e dissipation rates in a real o eani

gravity

ingly, in view of the low Froude number mentioned above (F r
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urrent shear, strat-

urrent. Quite surpris-

≈ 0.5)

, these observations

have revealed a vigorously turbulent ow with dissipation rates rea hing values around

ε = 10−5

−1 even in the strongly stratied interfa e region, whi h was 23 orders

W kg

of magnitude above the ambient values. These data have turned out to ll an important
gap for reliable entrainment estimates at low Froude numbers that are notoriously di ult
to a

ess in laboratory experiments due to vis ous ee ts (Cenedese and Addu e, 2008).

The importan e of reliable data in this parameter range has been emphasized in a number
of studies suggesting entrainment at low Froude numbers to be essential for the long-term
propagation and late-stage evolution of large-s ale o eani

overows (Wåhlin and Cenedese,

2006; Hughes and Griths, 2006). With the help of data from the Balti

Sea, new entrain-

ment laws, valid also in the low Froude number range, are now being developed (Cenedese
and Addu e, 2010; Wells et al., 2010).
The single-point measurements in the

enter of the hannel dis ussed in Paper 1 by Arneborg

et al. (2007) were later extended to in lude full
rst presented in Paper 2 by Umlauf et al. (2007),

ross- hannel transe ts. These new data,
ombined densely-spa ed turbulen e mi-

rostru ture measurements with the nearly full-depth velo ity observations dis ussed above,
providing the rst
tating gravity

omplete, detailed, and synopti

view of the transverse stru ture of a ro-

urrent at very high Reynolds number. These observations (Figure 2.9) have

shown that energy dissipation is

hara terized by spatially

oherent regions that were at-

tributed to dierent dynami al regimes: a fri tional near bottom layer, a turbulent interfa e
region, and a quiet

ore with very low dissipation rates, lo ated in the vi inity of the ve-

lo ity maximum, where shear produ tion of turbulen e is small. Similar observations were
made in the Bornholm Channel,

onne ting the Arkona Basin with the neighboring Born-

holm Basin (Reissmann et al., 2009). The relation between these observed mixing patterns
and the internal dynami s of the ow was the fo us of Papers 3-5 that are briey summarized
in the following.

2.5

Analysis

As a rst step towards a physi al interpretation of the observations dis ussed above, it
is instru tive to

ompare the velo ity measurements in Figure 2.7 with the results from

the idealized 1.5-layer model
approximately

onstru ted in Se tion 2.3. With model parameters

hosen to

orrespond to those found from the analysis of eld data, and after stationary

onditions have been rea hed (last panel in Figure 2.3), the model is seen to yield an
a

eptable representation of the most important bulk

maximum speed, and lateral velo ity stru ture.

hara teristi s, like interfa e tilt,

This shows that already the most basi
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Figure 2.9: Same as Figure 2.7 but now the turbulent dissipation rate is shown.
dots at the top indi ate the positions of 74 mi rostru ture

White

asts used for this analysis.

These observations have been performed simultaneously with the velo ity measurements
from

ombined vessel-mounted and towed ADCPs displayed in Figure 2.7. Figure replotted

from data published in Umlauf et al. (2007).

mathemati al representation of fri tional

ontrol a

ording to (2.9) is able to

essential physi s of the problem, implying that the memory of upstream
omponent of hydrauli

models that is ignored here,

apture the

onditions, a

entral

annot be an important fa tor. This

nding also holds for the more advan ed modeling study in Paper 5 by Umlauf et al. (2010),
des ribed below, whi h may be viewed as an a-posteriori justi ation for ignoring upstream
gradients in the derivation of the momentum budget in (2.2).
In spite of the fa t that the 1.5-layer model yields an a
bulk dynami s of the ow, models of this type

eptable rst-order des ription of the

annot, by denition, provide an explanation

for the internal density and velo ity stru ture.

The investigation of the reasons for and

dynami al impli ations of these features was the

entral topi

of Papers 1-5.

The most

signi ant results will be summarized in the following, starting with the development of a
on eptual pi ture for the se ondary

ir ulation.

2.5.1 Cross- hannel dynami s
An insightful interpretation of (2.9) that has motivated mu h of the work dis ussed below
was given by Wåhlin (2002, 2004), who pointed out that the down- hannel

omponent in

(2.9) may be written as:

vH = vg H + vf H ≡ 0 ,

(2.15)

where

vg H =

bSx
H,
f

vf H =

CD 2
u
f

.

(2.16)
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These relations state that the net transverse transport
posing

vg H ,
vf H ,

omponents that exa tly

an be viewed as

onsisting of two op-

onditions: a negative

omponent,

geostrophi ally balan ing the down- hannel interfa e tilt, and a positive

omponent,

representing the

an el under stationary
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ross- hannel Ekman transport asso iated with the down- hannel

bottom drag. This provides the perhaps

learest illustration of the importan e of fri tional

ee ts for the downward transport of uid that would otherwise propagate along topography
as a geostrophi ally balan ed ow (Wåhlin, 2002).
The

orresponding relation for the more general problem with verti ally varying velo ities

an be derived from the down- hannel

omponent of (2.2), re-arranged in the form:

1 Du
,
f Dt

v = vg + vf +
where

vg

denotes the geostrophi ally balan ed

(2.17)

ross- hannel velo ity dened in (2.3),

D/Dt

the material derivative, and

vf =
the fri tionally-indu ed transverse velo ity

1 ∂τx
ρ0 f ∂z

(2.18)

omponent (Umlauf et al., 2010).

Considering rst the stationary, non-entraining 1.5-layer system depi ted in Figure 2.2, but
now allowing for verti ally variable velo ities, the
that the verti al integral of

v

vanishes.

ontinuity equation in (2.7) still implies

The same, however, does not apply for the lo al

ontributions of the terms on the right hand side of (2.17), whi h leads to the important
on lusion that a transverse se ondary
down- hannel momentum budget.
se ondary ow

vf ,

respe tively.

ir ulation forms an essential

omponent of the

Some information about the verti al stru ture of this

an be obtained by fo using on the expe ted verti al variability of
The former remains verti ally

vg

and

onstant in the unstratied region below

the interfa e, whereas the latter is likely to exhibit a near-bottom intensi ation due to the
in reasing importan e of fri tional ee ts. Considering the stationary linearized problem,
the last term in (2.17) vanishes, and is otherwise very small as suggested by the nonlinear simulations of Umlauf et al. (2010). Equation (2.17) therefore suggests a two-layer
se ondary

ir ulation with a near-bottom ow to the right (looking upstream) a

Ekman theory, and a return ow in the upper part of the gravity

ording to

urrent (Figure 2.10a). It is

important to note, however, that the near-bottom ow is usually mu h smaller than the pure
Ekman transport due to the

ompensating ee t of

vg ,

whi h is often overlooked (Johnson

and Sanford, 1992; Paka et al., 1998). Moreover, if the plume thi kness is small
the bottom Ekman layer thi kness (this is the
in this work),

vf

will not

nearly everywhere by the

ase for the shallow gravity

urrents studied

hange appre iably in the verti al, and is therefore
onstant

vg .

Under these

ompared to

onditions, the se ondary

ompensated
ir ulation is

expe ted to be small.
The situation is further

ompli ated by the fa t that,

assumed above, real o eani

gravity

ontrary to the simple 1.5-layer model

urrents often exhibit a ri h internal density stru ture,
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Figure 2.10: S hemati
tion for the two

view of dierent

omponents (gray arrows) of the se ondary

ases with (a) an idealized 1.5-layer ow, and (b) a realisti

ir ula-

interfa e with

nite thi kness (upper and lower edges of the interfa e are indi ated as thin bla k lines).
Bla k arrows illustrate the residual ow. The main (down- hannel) ow is out of the page.

in luding an interfa e layer that may

over a signi ant fra tion of the total thi kness (e.g.,

Peters et al., 2005; Umlauf et al., 2007; Fer et al., 2010). A

ording to (2.17), the presen e

of internal strati ation is likely to impa t on the se ondary
following ways: (a) by

reating additional baro lini

ir ulation in at least the

pressure gradients that modify

by suppressing turbulen e whi h ae ts the se ondary

ir ulation via

vf ;

vg ;

(b)

and ( ) by the

appearan e of dynami ally relevant entrainment stresses due to mixing in the interfa e
region, whi h is represented by the last term in (2.17) as shown by Umlauf et al. (2010). On
the other hand, however, any modi ation of the se ondary

ir ulation due to these ee ts

will inuen e strati ation by lateral adve tion of density, thus
me hanism between strati ation and lateral

reating a

omplex feedba k

ir ulation.

The interplay of these dierent me hanisms is s hemati ally illustrated in Figure 2.10b,
showing a gravity

urrent with a stratied interfa e layer of variable thi kness. Assuming

that the internal strati ation in the interior region, below the interfa e, is negligible, the
se ondary

ir ulation in this region is expe ted to be similar to that des ribed for the 1.5-

layer model above. The more

ompli ated interfa e region

an be understood by

onsidering

the one-dimensional version of (2.17), i.e. by ignoring lateral adve tion:

v(z, t) = vg (z, t) + vf (z, t) + vE (z, t) ,
where

vE = f −1 ∂u/∂t

has been introdu ed for

(2.19)

onvenien e.

Inside the stably stratied interfa e, the buoyan y

b will de

interfa e to its minimum value at the lower edge. A

rease from

b = 0 at the top of the

ording to (2.3), we therefore expe t

Internal stru ture and dynami s of fri tionally ontrolled gravity urrents
vg < 0

inside the interfa e,
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orresponding to a geostrophi ally balan ed ow to the left

(looking upstream), in reasing in magnitude with depth. The size and even the sign of the
fri tional

omponent

momentum ux

τx .

vf

is more di ult to estimate due to its dependen y on the turbulent

Near the upper edge of the interfa e, however, the stress is likely to

τx > 0, required to a

de rease from some value

at the top of the interfa e. A

elerate freshly entrained uid, towards zero

ording to (2.18), this implies

vf < 0,

su h that

vf

and

vg

will point into the same dire tion in the uppermost part of the interfa e. Most important in
this

ontext is the fa t that the verti al integral of (2.18)

b
Ekman transport, τx /(ρ0 f ), whi h implies that
the interfa e. It

vf

orresponds exa tly to the bottom

does not provide any net transport inside

an therefore not be asso iated with any bulk interfa e deformation due

to lateral ow divergen e, as sometime erroneously assumed. This is dierent for the last
term,

vE , whi

zero. This a
positive
balan ed

h involves the a

eleration of newly entrained uid, and does not integrate to

eleration is positive (down- hannel) in the interfa e region, thus leading to a

ontribution (vE
omponent

vg .

> 0)

to the interfa ial transport that opposes the geostrophi ally

The verti al integral of

vE

a ross the interfa e region

an thus be

interpreted as the net interfa ial Ekman transport asso iated with the entrainment stress
(see Paper 5 by Umlauf et al., 2010).
Therefore, as pointed out in Papers 4 and 5, if entrainment is small, the net transverse
transport inside the interfa e will be dominated by
as illustrated in Figure 2.10b.

vg , pointing to the left (looking upstream)

This was shown to explain the observed interfa ial jet as

well as the wedge-shaped interfa e stru ture, the latter simply being a result of transport
divergen e and

onvergen e, respe tively, near the

hannel walls.

Further

ompli ations

arise if the interior region below the interfa e is stratied, leading to additional pressure
gradients that modify

vg .

This

ase will be dis ussed below.

2.5.2 Interpretation of observations and model results
Interfa ial jet
First observational support for
point observations in the
(2007).

on eptual pi ture outlined above

enter of the

ame from the single-

hannel dis ussed in Paper 1 by Arneborg et al.

These authors were able to identify the interfa ial jet in their data, as well as

in a one-dimensional numeri al model aimed at reprodu ing the verti al stru ture of the
ow. At this early stage of the investigations, however, no satisfying dynami al explanation
for this phenomenon

ould be provided.

fri tional ee ts as an essential

Nevertheless, Arneborg et al. (2007) re ognized

omponent of the se ondary

ir ulation, and suggested

a new entrainment law that, in addition to the traditionally used Froude number (e.g.,
Cenedese and Addu e, 2010), in luded also a dependen y on the Ekman number

Ek

dened

in (2.14). This aspe t of the problem was investigated in more detail in Paper 4 by Umlauf
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and Arneborg (2009b), who were able to establish a dire t link between bottom fri tion,
rotation, and the strength of the interfa ial jet. As one of their key results, these authors
were able to show that for

Ek > 1

the transverse jet, rather than the down- hannel ow,

dominates the verti al shear inside the interfa e, thus expli itly illustrating the importan e
of Ekman number ee ts for entrainment in rotating gravity
This was later

urrents.

onrmed in Paper 5 by Umlauf et al. (2010), who used a numeri al model

to show that shear-produ tion of turbulen e inside the interfa e is strongly ae ted by the
presen e of the jet. The model was based on the full set of equations in (2.2), numeri ally
solved for a

osine-shaped

hannel topography with s ales and parameters approximately

orresponding to those des ribed in the observational Papers 24. A full des ription of the
model

an be found in do umentation of the General Estuarine Transport Model (GETM)

by Bur hard and Bolding (2002), ex ept for the re ently developed verti ally adaptive numeri al grid that is des ribed in Hofmeister et al. (2010).
the turbulent uxes were

As mentioned in Se tion 2.2,

omputed from a se ond-moment turbulen e model des ribed and

analyzed in detail in Papers 6 and 7 (Umlauf and Bur hard, 2005; Umlauf, 2009). Comparison of the

omputed dissipation rates and turbulent uxes with the observed turbulen e

parameters has shown that the model yields an ex ellent representation of turbulent mixing
(Umlauf et al., 2010).

Figure 2.11:

(a) Down- hannel and (b)

ross- hannel velo ity from the idealized two-

dimensional numeri al simulation by Umlauf et al. (2010).
tial
here

onditions with zero velo ities and zero

Simulations started from ini-

ross- hannel interfa e slope.

orrespond to the situation after two inertial periods, when

Results shown

ross- hannel sei hing mo-

tions have de ayed. Bla k arrows in (b) indi ate the dire tion of the se ondary
Modied gure from Umlauf et al. (2010).

ir ulation.
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The internal stru ture of velo ity and density from these idealized simulations is displayed
in Figure 2.11.

Comparison with the verti ally integrated simulations (see last panel in

Figure 2.3) shows that both models predi t
a

omparable maximum down- hannel velo ities,

omparable redu tion towards the edges, and similar lateral interfa e tilts, indi ating that

the bulk dynami s is represented in a similar way. Beyond this, however, the simulations in
Paper 5 revealed a number of
was able to

hara teristi

features that only the verti ally resolved model

apture. Among them are the evolution of a wedge-shaped interfa e, the genera-

tion of lateral density gradients in the interior region below the interfa e, and the interfa ial
jet visible in Figure 2.11b. All of these modeled features are in

lose agreement with the

observations (see Se tion 2.4), underlining the fa t that the two-dimensional formulation of
the problem in (2.2) provides a viable representation of the essential physi s.
Motivated by this good agreement between model and data, Umlauf et al. (2010) used their
simulations to investigate the dynami s and
greater detail.

onsequen es of the se ondary

ir ulation in

To this end, they de omposed the transverse velo ity into geostrophi ally

balan ed and fri tional

omponents a

ording to (2.19) for a lo ation in the

enter of the

hannel not ae ted by the lateral buoyan y gradients des ribed above. Below the interfa e,
the geostrophi

and fri tional

omponents

vg

and

vf

were found to be of opposite sign

but similar magnitude, therefore resulting only in a small net return ow (Figure 2.12).
Approa hing the interfa e from below, the fri tional
qui kly than

vg , and even

su h that a transverse

omponent

vf ,

however, de ays more

hanges sign due to the in reasing ee t of the entrainment stress,

ir ulation to the left (the jet) evolves.

This dynami al behavior

orresponds exa tly to that anti ipated in Se tion 2.5.1.

Figure 2.12:

Modeled transverse velo ity with

omponents

simulations by Umlauf et al. (2010). Lateral position
the

enter of the

vg

vf from the idealized
to y = 10 km, exa tly in

and

orresponds

hannel shown in Figure 2.11. the gray-shaded area indi ates the strongly

stratied interfa e region. Figure adapted from Umlauf et al. (2010).
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It is worth noting that similar wedge-shaped interfa es have also been found in observations of large-s ale overows (Johnson and Sanford, 1992; Mauritzen et al., 2005; Seim and
Fer, 2011), as well as in laboratory investigations of rotating gravity

urrents (Johnson and

Ohlsen, 1994; Davies et al., 2006; Darelius, 2008), and in numeri al investigations (Kämpf,
2000; Ezer, 2006). Seeking for an explanation for the observed stru ture, previous investigations have either fo used on hydrauli

me hanisms (e.g., Hogg, 1983), or on the interplay

between bottom and interfa ial Ekman layers that was suspe ted to be responsible for the
transverse

ir ulation patterns observed in some of these ows (Johnson and Sanford, 1992;

Johnson and Ohlsen, 1994; Paka et al., 1998; Ezer, 2006). All these previous studies, however, have failed to re ognize the
velo ity

ru ial role of the geostrophi ally balan ed transverse

vg .

Ee t of lateral density gradients
An interesting phenomenon found in both observations (Figure 2.7) and model simulations
(Figure 2.11) is the generation of a region with lateral density gradients asso iated with
the presen e of nearly verti al isopy nals in the interior of the gravity
interfa e.

urrent below the

Similar patterns have also been found at other lo ations along the pathways

of bottom gravity

urrents in the Balti

Sea, e.g. in the Bornholm Channel (Reissmann

et al., 2009) and in the Stolpe Channel (Zhurbas et al., 2012), as well as in simulations of
these ows with the help of high-resolution numeri al models (Bur hard et al., 2005, 2009;
Hofmeister et al., 2010).

This suggests a rather robust me hanism that warrants further

study.
Already in Paper 1, Arneborg et al. (2007) spe ulated that the unusual three-layer transverse
ir ulation (see Figure 2.8b) might be related to the ee t of lateral density gradients. The
dire tion of the near-bottom ow was found to be espe ially puzzling sin e, as argued above
in the

ontext of Figure 2.10a, the ow

lose to the bottom should be aligned with

vf

and

thus with the Ekman transport, and not opposite to it as observed. From their single-point
measurements in the
to establish a

hannel

enter alone, however, Arneborg et al. (2007) were not able

onne tion between lateral density gradients and se ondary

ir ulation.

First dire t eviden e for the existen e and potential importan e of lateral density gradients
was presented in Paper 2 by Umlauf et al. (2007), revealing the full

omplexity of the lateral

density and velo ity stru ture displayed in Figure 2.7. One important point emphasized by
these authors was that in rotating ows su h lateral density gradients are asso iated with
a geostrophi ally balan ed shear,
from the

z -derivative

ommonly referred to as thermal wind shear, that follows

of (2.3):

∂ug
1 ∂b
=−
∂z
f ∂y
In the

ases

.

(2.20)

onsidered here, the thermal wind shear below the interfa e has a tenden y to

Internal stru ture and dynami s of fri tionally ontrolled gravity urrents

29

redu e down- hannel speed towards the bottom in a purely invis id way. Previous studies
have pointed out that under these

onditions slippery Ekman layers with vanishing bottom

drag may be indu ed, obviously with serious

onsequen es for ows that are fri tionally

ontrolled (Ma Cready and Rhines, 1993; Garrett et al., 1993).

Although the strength

of the lateral density gradients was found to be su ient for the generation of slippery
Ekman layers, dire t stress measurements revealed, quite surprisingly, no indi ations for a
redu tion of bottom drag. This result was later

onrmed by the model simulations in Paper

5 (Umlauf et al., 2010), whi h reprodu ed the generation of lateral buoyan y gradients but
did not show eviden e for a redu tion of bottom drag either.
Umlauf and Arneborg (2009b) investigated this apparent in onsisten y, pointing out that
a major dieren e between the theory of Ma Cready and Rhines (1993) and the buoyan ydriven ows

onsidered here is the presen e of an along-ow pressure gradient.

and Arneborg (2009b) showed that in this

ase, instead of redu ing the bottom drag, the

ow rea ts to lateral density gradients by generating a spe ial type of se ondary
tion required to balan e the ageostrophi
understood by

onsidering the

assuming stationary

down- hannel ow

ross- hannel

ug

omponent.

ir ula-

This is easiest

omponent of the momentum budget in (2.2),

onditions and ignoring non-linear adve tion:

u − ug = −
where

Umlauf

1 ∂τy
,
ρ0 f ∂z

(2.21)

is the geostrophi ally balan ed down- hannel speed dened in (2.3). Physi ally,

(2.21) shows that the ageostrophi
hannel Ekman transport due to
the bottom, where the sign of

τy

down- hannel transport is

ompensated by the down-

ross- hannel stresses. Considering only regions

lose to

is determined by the dire tion of the near-bottom ow, it

is easy to show (Umlauf and Arneborg, 2009b) that for

u − ug < 0

the transverse velo ity

near the bottom is positive (to the right, looking upstream), while negative near-bottom
speeds are observed for

u − ug > 0.
u < ug is expe ted in the
tion of u towards the bottom

For the standard situation without lateral density gradients,
lower part of the gravity
(Figure 2.13a). In this

urrent due to the fri tional redu

ase, a positive transverse near-bottom ow will be observed. In the

ug may de rease more rapidly towards the
with u > ug may exist (Figure 2.13b). In this

presen e of lateral buoyan y gradients, however,
bottom than

u su

h that a near-bottom layer

ase, the near-bottom transverse ow reverses sign and be omes negative, whi h Umlauf
and Arneborg (2009b) showed to explain the puzzling stru ture of the se ondary
observed in Figure 2.8. Further support for this argument

ir ulation

ame from the idealized numeri al

simulations by Umlauf et al. (2010), whi h were able to reprodu e both the evolution of the
lateral density gradient and the appearan e of the three-layer stru ture of the se ondary
ulation (Figure 2.11b). Analysis of these model results

ir-

onrmed the physi al me hanisms

des ribed above as the reasons for the dierent stru ture of the se ondary

ir ulation in

regions with and without lateral density gradients, respe tively. Con luding, these results
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Figure 2.13: Con eptual pi ture for the dynami al ee t of lateral density gradients: (a)
situation without lateral strati ation in the interior, and (b) with lateral strati ation.
Gray-shaded areas

orrespond to the ageostrophi

omponent

u − ug

with sign as indi ated.

Modied gure from Umlauf and Arneborg (2009b).

have shown that a lo al imbalan e in
fri tional for es required to

u

and

ug

triggers a se ondary ow that provides the

lose the momentum budget.

2.5.3 What we have learned
Figure 2.14 summarizes the main results from the pre eeding se tions in form of a
eptual pi ture for the dynami s of shallow, fri tionally
dynami al

ontrolled gravity

urrents.

omponent of these ows is an interfa ial jet that, at least for the

entrainment

onKey

ase of weak

onsidered here, is geostrophi ally balan ed by the pressure gradient arising

from the down- hannel tilt of the interfa e. Sin e, in fri tionally

ontrolled gravity

urrents,

this pressure gradient is approximately balan ed by the bottom stress, the latter also determines the strength of the jet. Umlauf and Arneborg (2009b) showed that this link between
the bottom stress and the se ondary
in terms of the Ekman number

Ek ,

ir ulation

whi h underlines the importan e of this parameter for

the parametrization of entrainment in fri tionally
between

Ek

an be expressed in non-dimensional form

ontrolled gravity

urrents. A

onne tion

and entrainment had already been dedu ed empiri ally from the results of the

one-dimensional numeri al model dis ussed in Paper 1 (Arneborg et al., 2007).
The transport

qi

of interfa ial uid from right to left (looking upstream) leads to a pin hing

and spreading of interfa ial isopy nals on opposite sides of the
Figure 2.14. The

hannel as illustrated in

ompression of the interfa e on the right hand side makes it more amenable

to shear instability, whi h led Umlauf and Arneborg (2009b) to spe ulate that the interfa ial
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Figure 2.14: Con eptual sket h of se ondary
fri tionally

transport

qi

ontrolled gravity

ir ulation and entrainment in a
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hannelized,

urrent. Modied gure from Umlauf and Arneborg (2009b).

may be balan ed by in reased entrainment in this region. This was expli itly

onrmed by the simulations in Paper 5 (Umlauf et al., 2010), showing that the interfa e
on the right hand side of the

hannel is in a state of marginal stability with enhan ed

entrainment of uid from above and below (Figure 2.14). This
mixing and se ondary

ir ulation was shown to result in a rather

ombination of interfa ial
urious modi ation of the

entrainment pro ess (Figure 2.15): ambient uid entrained into the interfa e on the right
hand side of the
side of the

hannel is fed into the jet, and then transported with the jet to the opposite

hannel, where it is nally mixed down into the interior (Umlauf et al., 2010).

This questions the traditional view of entrainment as a stri tly one-dimensional pro ess that
an be des ribed by lo al (in the lateral sense) bulk parameters like the Froude number.

Figure 2.15: Density stru ture (thin bla k lines), and

on entration of a passive tra er (a)

at the start of the simulation, and (b) after two intertial periods. The simulation is idential
to that shown in Figure 2.11. Modied gure from Umlauf et al. (2010).
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The interior region below the interfa e was found to be separated into two dynami ally
dierent regions: an unstratied region on the right hand side of the ow (looking upstream),
and a region with nearly verti al isopy nals on the left,
(see Figure 2.14).

The se ondary

reating a lateral density gradient

ir ulation in the unstratied region was shown to be

weak due to the fa t that geostrophi ally balan ed and Ekman-related transverse velo ities
nearly

an el (Papers 3 and 4 by Umlauf and Arneborg, 2009a,b).

Dynami ally more

interesting is the region with lateral density gradients in the interior below the interfa e.
Previous theoreti al work on the dynami s of bottom boundary layer ows along sloping
topography has shown that su h lateral strati ation may be asso iated with a redu tion
of the bottom drag, generating what has been
and Rhines, 1993; Garrett et al., 1993).
also o

urs in gravity

alled slippery Ekman layers (Ma Cready

It is tempting to assume that a similar ee t

urrents with lateral density gradients, and some related spe ulations

have in fa t been made by Paka et al. (1998) for the Stolpe Channel overow in the Central
Balti

Sea.

Surprisingly, however, for the ows

onsidered here, neither observations nor

simulations showed any indi ations for a modi ation of the bottom drag in the presen e
of lateral density gradients, although the thermal wind shear asso iated with the latter was
found to be

omparable to the total observed verti al shear. Instead of redu ing the bottom

drag, fri tionally

ontrolled gravity

urrents were shown to respond to the presen e of lateral

density gradients with the generation of a near-bottom reversal of the transverse ow. Nearbottom velo ities oppose the bottom Ekman transport, and adjust exa tly su h that the
ageostrophi

omponent of the down- hannel ow is balan ed (Umlauf and Arneborg, 2009b;

Umlauf et al., 2010).
The gravity

urrents studied in this work are

entrainment,

hara terized by low Froude numbers, weak

onnement by lateral topography, and parti ularly by their shallowness

om-

pared to the thi kness of the bottom Ekman layer. Flows of this type have been reported
for numerous lo ations also beyond the Balti
s ale gravity

Sea, most notably in the

urrents transporting dense water down the

ontext of the small-

ontinental slopes inside narrow

anyons or along submarine ridges (Kämpf, 2000; Foldvik et al., 2004; Darelius, 2008). It
is likely that the theoreti al framework developed in Papers 1-5 will be of some relevan e
also for the interpretation of these ubiquitous ows that are suspe ted to be essential for
the deep-water formation pro ess in the o ean.
In

ontrast to these shallow gravity

thi kness that is

urrents, large-s ale o eani

overows often exhibit a

omparable to or larger than the Ekman layer thi kness, whi h redu es

the Ekman number and thus the relative importan e of fri tional ee ts. This gray zone
between fri tional and hydrauli
it forms an important hybrid

theory has re eived very little attention so far although
ase that is perhaps of greatest relevan e for real o eani

overows. This has also be ome evident in a re ent study by Cuthbertson et al. (2011), who
investigated laboratory-s ale gravity
a puzzling

urrents inside a topographi

onstri tion, showing

onsisten y of their measurements with both hydrauli

and fri tional theory.
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urrents in the Stolpe Channel, the largest overow

Sea, revealed a behavior that was in perfe t agreement with the fri tional

theory presented above (e.g., regarding the lateral density stru ture)  but showed at the
same time memory of upstream potential vorti ity that explained the meandering of the
ow (Zhurbas et al., 2012).

Analogous ndings have been reported for the Faroe Bank

Channel overow that showed features explainable from rotating hydrauli s (Lake et al.,
2005; Darelius et al., 2011), and others, like the se ondary

ir ulation, that point towards the

importan e of the same fri tional ee ts that have been analyzed in this

hapter (Johnson

and Sanford, 1992; Seim and Fer, 2011). Future work will hopefully be able to provide a
sound theory

ombining these two

ru ial aspe ts of rotating bottom gravity

urrents.
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Chapter 3

Internal stru ture and dynami s of
sloping boundary layers
3.1

Introdu tion

In the se ond part of this work, the fo us will be on the dynami s and internal stru ture of bottom boundary layers (BBLs) driven by long internal-wave motions in stratied
basins. The dis ussion will be

entered around the pro esses o

urring inside the lowermost,

nearly well-mixed part of the BBL that has been shown to be parti ularly relevant for net
basin-s ale mixing and energy dissipation in small to medium-sized stratied basins su h
as lakes and fjords (Wüest and Lorke, 2003; Wüest et al., 2000; Goudsmit et al., 1997).
This situation is somewhat dierent from larger (o ean) basins, where layers with enhan ed
turbulen e levels, driven by breaking internal waves, have been shown to extend far beyond
the homogeneous near-bottom layer into the stratied interior (Rudni k et al., 2003; Nash
et al., 2007; Kunze et al., 2012).

This pro ess is known to be both highly energeti

e ient, and may therefore overwhelm the

and

ontribution of diapy nal mixing in the lower,

weakly stratied part of the BBL. Nevertheless, there is observational eviden e that the
reation of gravitationally unstable BBLs des ribed in the following is also relevant in the
o ean, however, with a strong modi ation due to rotational (Ekman) ee ts (Moum et al.,
2004).
The investigations dis ussed in Papers 8-11 were motivated by a new type of boundary
mixing pro ess rst identied in a small Swiss lake (Lake Alpna h), in whi h near-bottom
urrents are driven by internal sei hing motions (Lorke et al., 2005). These data suggested
that dierential adve tion of isopy nals due to the slope-normal shear modies the strati ation inside the BBL as s hemati ally illustrated in Figure 3.1 for the

ase without

rotation. During periods of up-slope ow (Figure 3.1a), dense water may be adve ted on
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top of light water  with immediate
tion.

onsequen es for mixing due to the onset of

During periods of down-slope ow, dierential adve tion has a tenden y to

onve reate

stable strati ation inside the BBL (Figure 3.1b), whi h will impa t on turbulen e in at
least two

ompeting ways: (a) by redu ing both the length s ale and the kineti

energy of

turbulent u tuations, and (b) by in reasing the e ien y of mixing. The overall ee t on
mixing has been un lear. It is worth noting that this shear-driven periodi

generation and

destru tion of strati ation is qualitatively similar to the pro ess of tidal straining observed
in estuaries and regions of fresh-water inuen e. In this

ase, tidal

urrents drive a lateral

density gradient over at bottom, whi h may lead to unstable strati ation and
during ood, and to the

onve tion

reation of stable strati ation during ebb (Simpson et al., 1990;

Bur hard et al., 2001). While the interest in tidal straining has been motivated mainly by
its importan e for the horizontal residual transports (Jay and Musiak, 1994; Bur hard and
Hetland, 2010), shear-indu ed

onve tion near sloping topography is likely to be relevant in

view of its role for net diapy nal mixing.
Although Lorke et al. (2005)

ould

learly identify the pro esses delineated above in their

data, they were not able to nd a generally valid relation between the outer parameters of the
problem (slope angle, bottom roughness, ambient strati ation, et .), and the parameters
that quantify boundary mixing (buoyan y ux, dissipation rate, turbulent diusivity, et .).
Therefore, no denite

on lusions

ould be drawn about the relevan e of their observations

for other lo ations in the lake, or even for other stratied basins. Moreover, the question
about the

ontribution of BBL mixing to net basin-s ale mixing turned out to be di ult to

answer be ause the verti al turbulent buoyan y ux, a frequently used indi ator for mixing
in stably stratied ows,

hanges sign inside the

onve tive layers, whi h

ompli ates its

straightforward interpretation.
These questions were addressed in a re ent resear h proje t aimed at the Quanti ation
of Shear-Indu ed Conve tion and Bottom-Boundary Mixing in Natural Waters (ShIC),
funded by the German Resear h Foundation (DFG). The following summary of the main
results starts with Paper 8 by Lorke et al. (2008) that des ribes an extensive eld program in
a large fresh-water lake, fo using on the dire t observation of turbulen e parameters in gravitationally unstable BBLs. Paper 9 by Umlauf and Bur hard (2011)
theoreti al-numeri al study, in whi h the reasons for and

ontains a

ombined

onsequen es of shear-indu ed

onve tion in BBLs are investigated in the framework of an idealized one-dimensional geometry. Finally, in the two

ompanion papers 10 and 11 (Be herer and Umlauf, 2011; Lorrai

et al., 2011), the full three-dimensional problem is studied with the help of a high-resolution
numeri al model of Lake Alpna h. Besides the analysis of the basin-s ale internal wave eld,
these two papers also

ontain a dire t

omparison of modeled and observed BBL properties,

using data from dierent years and dierent lo ations on the slopes of the lake.
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Figure 3.1: Con eptual pi ture of mixing near sloping topography in the presen e of os illatory up- and down-slope ow. (a) Creation of unstable strati ation ( onve tion) during
up-slope ow, and (b) stabilization during down-slope ow.

Rotation and Ekman ee ts

are ignored.

3.2

Observations in Lake Constan e

To obtain broader observational support for the pro esses sket hed in Figure 3.1, the measurements in Lake Alpna h were extended to a se ond study site with rather dierent
hara teristi s (see Paper 8 by Lorke et al., 2008). Lake Constan e, one of the largest and
deepest lakes in Western Europe,

onsists of an approximately 40 km long and 250 m deep

main basin, to whi h an elongated approximately 20 km long side basin is atta hed (Figure
3.2). Typi al for this lake is the presen e of regular internal sei hing motions during the
summer months that exhibit periods of 3-5 days, and dominate the near-bottom

urrents

throughout the lake (Appt et al., 2004; Lorke et al., 2008). The dierent geometry and size
ompared to Lake Alpna h, and the

onsiderably longer for ing period for the near-bottom

urrents, suggested a dierent parameter range that was assumed to provide a useful test
for the robustness of the BBL mixing pro esses des ribed above. The study site was lo ated
on the slope of the north-western appendix of Lake Constan e that is usually referred to
as Lake Überlingen (Figure 3.2). This site was
gently sloping end of the

hosen primarily due to its lo ation on the

hannel that is usually ae ted by strong and regular internal

sei hing motions, and be ause rotational ee ts were expe ted to be small due to the small
lateral s ales of the appendix. This is dierent for the main basin of Lake Constan e, where
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internal sei hing is known to o

ur in form of a Kelvin-type wave propagating

y loni ally

along the shoreline (Appt et al., 2004).

Figure 3.2: Map of Lake Constan e with topography at 50 m intervals (maximum depth
is 250 m).

Inset map shows Lake Überlingen with mooring positions indi ated.

Lake

◦
Constan e is lo ated between Germany, Switzerland, and Austria at approximately 47 37'N,
◦

19 22'E. Modied gure from Lorke et al. (2008).

Lorke et al. (2008) dis ussed data from mooring position M2 (Figure 3.2) during two times
of the sei hing

y le with up- and down-slope ow, respe tively. Similar to Lake Alpna h,

the BBL was found to be ome gravitationally unstable inside a near-bottom region of up
to 4 m thi kness during up-slope ow, whereas during down-slope ow the BBL remained
stable (Figure 3.3). A more detailed analysis in Paper 8 showed that the reasons for these
ee ts were perfe tly

onsistent with the s hemati

eviden e for the relevan e of shear-indu ed
Doppler velo imeter (ADV)

pi ture outlined above, providing further

onve tion in lakes.

Measurements using a

ombined with a fast-response thermistor, both mounted on a

bottom-frame at position M2, showed that the magnitudes of the dissipation rate and the
verti al turbulent buoyan y ux were

omparable during the stable and unstable periods.

The buoyan y ux, however, reversed dire tion during the unstable phases, whi h provided
the rst dire t eviden e for the presen e of turbulent

onve tion. During these periods, the

turbulent diusivity in reased by almost an order of magnitude, and it appeared tempting
to interpret this as an indi ation for the importan e of

onve tion for net verti al mixing.

Surprisingly, however, the results dis ussed in the following showed that the opposite is the
ase.
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Figure 3.3: Near-bottom velo ity (blue) and temperature (red) from a thermistors
a

hain and

urrent proler lo ated at position M2 (see Figure 3.2). Observations are shown for two

times during the sei hing

y le with up-slope (left) and down-slope velo ities, respe tively.

Note the unstable strati ation during up-slope ow.

Modied gure from Lorke et al.

(2008).

3.3

Theory and one-dimensional analysis

3.3.1 Geometry and governing equations
Assuming that strati ation outside the BBL is stri tly verti al and homogeneous, that
the slope is uniform, and that ow variations in the up-slope dire tion
boundary-mixing problem be omes one-dimensional in a tilted

an be ignored, the

oordinate system aligned

with the slope as depi ted in Figure 3.4. The pri e for the attra tive simpli ity of this onedimensional framework is the elimination of some important pro esses, e.g. internal-wave
motions and the ex hange of uid between the BBL and interior by intrusions. Previous
studies have nevertheless shown that useful

on lusions

an be drawn from this type of mod-

els regarding the intera tion of strati ation, se ondary

ir ulation, and mixing inside the

BBL (e.g., Phillips, 1970; Thorpe, 1987; Garrett, 1990). The more general three-dimensional
ase will be investigated in the summary of Papers 10 and 11 in Se tion 3.4.
Starting from the one-dimensional geometry shown in Figure 3.4, in Paper 9 Umlauf and
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Figure 3.4:

Geometry of a BBL on a uniform slope with slope angle

note isopy nals,

is the gravitational a

g

dimensional in the tilted

α.

Thin lines de-

eleration. Note that the geometry be omes one-

(x, z).

oordinate system

Modied gure from Umlauf and Bur-

hard (2011).

Bur hard (2011)

onsidered a Boussinesq uid periodi ally moving up and down a uniform

slope with slope angle

α

in an innitely deep basin with variable strati ation,

N2 =
Here, using the notation from Paper 9,
and

b

ẑ

the buoyan y dened as

ρ

denotes density,

ρ0

a

.

(3.1)

denotes the verti al

b = −g
where

∂b
∂ ẑ

oordinate (see Figure 3.4),

ρ − ρ0
,
ρ0

(3.2)

onstant referen e density, and

g

the a

eleration of gravity.

Outside the BBL, isopy nals are assumed to be perfe tly horizontal, and strati ation is
onstant (N

= N∞ ).

Fo using on boundary mixing in small lakes, Umlauf and Bur hard

(2011) ignored Earth's rotation, pointing out, however, that the theoreti al framework is
easily extended to in lude rotational ee ts.
In Paper 9, it was shown that under the above assumptions the Boussinesq equations in
tilted

where

oordinates (see Figure 3.4)

τx

and

an be written as:

∂u
∂t

= (b − b∞ ) sin α +

∂b
∂t

2 sin α
−uN∞

=

∂u∞
1 ∂τx
−
,
∂t
ρ0 ∂z

(3.3)

∂G
−
,
∂z

G denote the slope-normal turbulent

momentum and buoyan y uxes, respe -

tively (the turbulent uxes parallel to the slope are ignored). The undisturbed buoyan y

b∞ , whi h may
= ∂b∞ /∂ ẑ remains

is denoted by

vary due to adve tion, however, only under the

2
that N∞

onstant everywhere.

onstraint

The rst term on the right hand side

of the momentum budget in (3.3) therefore represents the baro lini

pressure gradient set

up by the tilting of isopy nals in the BBL due to mixing and fri tional ee ts (see Figure
3.4). The fun tion

u∞

represents the (pres ribed) external pressure for ing, e.g. due to long
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internal waves or basin-s ale internal sei hes. As the most simple representation of periodi
internal-wave for ing, Umlauf and Bur hard (2011) assumed a purely harmoni

dependen y:

u∞ = U sin ωt ,
where

U

denotes a

onstant velo ity s ale, and

(3.4)

ω

the

onstant for ing frequen y.

The

rst term on the right hand side of the buoyan y equation in (3.3) represents up-slope
adve tion of buoyan y, whi h

an be understood from the fa t that

the ( onstant) up-slope buoyan y gradient
boundary

∂b/∂x

2 sin α
N∞

oin ides with

(see Paper 9). Finally, no-slip, insulating

onditions are assumed at the slope:

u=0,

∂b
=0
∂z

z=0 .

for

The turbulent slope-normal uxes appearing in (3.3) are

(3.5)

omputed from down-gradient

formulations of the form:

τx
= u′ w′ = −νt S ,
ρ0

G = w′ b′ = −νtb Ň 2 ,

(3.6)

where primes denote turbulent u tuations, and angular bra kets the Reynolds average.

S = ∂u/∂z

and

Ň 2 = ∂b/∂z

are the slope-normal shear and buoyan y gradient, respe tively.

Is is worth noting that the latter is dierent from the verti al buoyan y gradient
the terms well-mixed (Ň

2

= 0)

and unstratied (N

and Bur hard, 2011). For the assumed mild slopes
matters for the pre ise timing of the onset of

N 2 su

h that

2

= 0) do not exa tly oin ide (Umlauf
(α ≪ 1), however, this dieren e only

onve tion near the transition from stable to

unstable strati ation.
The turbulent diusivities

νt

and

νtb

appearing in (3.6) are derived from the se ond-moment

turbulen e model already outlined in Chapter 2 in the

ontext of (2.6).

This model fol-

lows the detailed des ription in Paper 6 (Umlauf and Bur hard, 2005), however, with the
following

aveat. The boundary-layer assumption used in the model derivation in Paper 6

expli itly assumes that the turbulent uxes represented by the model are stri tly verti al,
whi h

oni ts with the interpretation of

τx

and

G

as slope-normal uxes used here. Um-

lauf and Bur hard (2011) pointed out, however, that these dieren es be ome negligible for

α ≪ 1,

whi h was always insured for the

also likely (though it

ases

onsidered in Paper 9. For small slopes, it it

annot be proven) that the up-slope turbulent uxes

an be ignored,

as assumed in the following (Umlauf and Bur hard, 2011).

3.3.2 Analysis of model results
Some results of this model, taken from Paper 9 by Umlauf and Bur hard (2011), are displayed in Figure 3.5. This gure shows the evolution of velo ity, buoyan y, and strati ation
over two for ing periods after periodi

onditions have been rea hed.

The for ing period
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in (3.4) was
the

M2

hosen as

Tf = 2π/ω = 12.4

hours for this example, whi h

orresponds to

tidal period, and is also of the order of typi al internal sei hing periods in small

U = 0.05 m s−1 , and slope angle
−5 s−2 , respe tively,
2
and N∞ = 10

to medium-sized lakes. The for ing amplitude was set to
and interior strati ation were taken to be

α = 10−2

orresponding to typi al values in marine and limni

environments (Umlauf and Bur hard,

2011). A wider parameter spa e is dis ussed below.

Figure 3.5: Evolution of (a) velo ity, (b) buoyan y, and ( ) absolute value of the square of
the buoyan y frequen y over two for ing periods. The dark gray lines denote the upper limit
of the BBL, and the light gray lines in lude unstable near-bottom regions.
orresponds to time after model start from rest.
periodi

Results shown here

The abs issa

orrespond to fully

onditions. Modied gure from Umlauf and Bur hard (2011)

The velo ity in the BBL (Figure 3.5a) is seen to

losely follow the periodi

with a redu tion and small phase lead towards the bottom, both

for ing, however,

onsistent with the in reas-

ing importan e of fri tional ee ts. The evolution of buoyan y (Figure 3.5b) is dominated
by the up- and down-slope adve tion of strati ation, whi h is
periodi

warming and

ompletely analogous to the

ooling patterns observed on the slopes of the lakes studied in this

proje t (Lorke et al., 2008; Lorrai et al., 2011).

The strati ation shown in Figure 3.5

illustrates that the BBL is separated from the interior by a permanent py no line that is a
dire t manifestation of enhan ed boundary mixing. Most importantly, however, and analogously to the observations dis ussed above, strati ation inside the BBL periodi ally varies
between stable and unstable

onditions,

orresponding to periods with down- and up-slope

ow, respe tively. Umlauf and Bur hard (2011) derived an evolution equation for

N 2,

and

showed that the physi al me hanisms leading to these alternating patterns of strati ation
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Proles of velo ity and buoyan y for the two times indi ated in Figure 3.5.

Modied gure from Umlauf and Bur hard (2011).

were exa tly those outlined above in the
buoyan y, approximately

ontext of Figure 3.1. Two proles of velo ity and

orresponding to the times of strongest stable and unstable strat-

i ation, respe tively, are shown in Figure 3.6. Comparison with the measurements in Lake
Constan e in Figure 3.3 reveals a strong qualitative similarity, noting that temperature and
buoyan y anomalies are related in an approximately linear way. From these results, Umlauf
and Bur hard (2011)
basi

on luded that their simple one-dimensional model reprodu es the

me hanisms of shear-indu ed stabilization and destabilization of the BBL.

The impa t on turbulen e of the transition from stable to unstable

onditions is imme-

diately evident from the turbulent buoyan y ux shown in Figure 3.7a:

while in stable

regions the buoyan y ux is downward, in unstable regions it reverses sign, indi ating the
onset of

onve tion. Umlauf and Bur hard (2011) pointed out that this ee t questions the

usual approa h for the quanti ation of boundary mixing, in whi h an ee tive diusivity is

omputed by horizontally averaging the verti al buoyan y ux a ross the BBL, and

dividing the result by some representative interior value for
presen e of

onve tion, however, where the buoyan y ux

N2

(in this

adve tive

2 ).
N∞

In the

hanges sign, this method results

in negative ee tive diusivities that have no physi al interpretation.
and Bur hard (2011) showed that the se ondary

ase

Moreover, Umlauf

ir ulation inside the BBL leads to a net

ontribution to the total verti al buoyan y ux that has a tenden y to re-stratify

the BBL. This adve tive

ounter-gradient ux partly

ompensates the turbulent buoyan y

ux, thus redu ing the ee tive diusivity.
For the simple geometry

onsidered here, Umlauf and Bur hard (2011) derived an exa t

equation for the total (i.e. adve tive plus turbulent) irreversible buoyan y ux, and showed
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it to be proportional to the time-average of the integrated mixing rate,

Xb =

Z

∞

χb dz ,

χb = 2ν

0

where
salt).

ν b is the mole ular diusivity of buoyan y (
χb is re ognized as the small-s ale destru tion

b



∂b′ ∂b′
∂xi ∂xi



(3.7)

orresponding to that of either heat or
of buoyan y varian e due to mole ular

mixing, whi h is one of the key parameters in stratied turbulen e (Tennekes and Lumley,
1972). The relation found by Umlauf and Bur hard (2011) therefore links small-s ale mixing
to large-s ale

hanges in ba kground potential energy via the net irreversible buoyan y ux.

The mixing rate dened in (3.7) is a

essible to both turbulen e modeling and turbulen e

mi rostru ture observations.

Figure 3.7: As in Figure 3.5 but now for (a) the turbulent buoyan y ux, (b) the rate of
dissipation, and ( ) the mole ular destru tion of buoyan y varian e. Modied gure from
Umlauf and Bur hard (2011).

ε (Figure 3.7b) with that of the mixing rate
patterns. While the periodi variations of ε appear

Comparing the evolution of the dissipation rate

χb

(Figure 3.7 ) reveals rather dierent

to be only weakly ae ted by the alternating patterns of stable and unstable strati ation,
the behavior of the mixing rate
largely

χb

exhibits a strong asymmetry.

onned to periods of down-slope ow, where shear

allows for an e ient

onversion of turbulent kineti

reates stable strati ation that

to potential energy. This is

by the behavior of the gravitationally unstable layers, whi h are
energy dissipation but weak mixing.
the

Mixing is seen to be

ontrasted

hara terized by high

A more detailed analysis in Paper 9 showed that

ontribution of mixing in these regions is negligible. These results

learly demonstrate

that the standard approa h of relating the lo al buoyan y ux to the dissipation rate via
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hoi e for the interpretation of

boundary-layer mixing data.

3.3.3 Non-dimensional des ription
To generalize these results for a larger parameter spa e, Umlauf and Bur hard (2011) derived
non-dimensional expressions for the momentum and buoyan y equations in (3.3), as well as
for the

orresponding boundary

onditions and the transport equations in the turbulen e

model des ribed in Paper 6 (Umlauf and Bur hard, 2005).
this

oupled problem, the solution

In spite of the

omplexity of

ould be shown to depend only on the following three

α, the non-dimensional for ing frequen y Ω =
as R = z0 N∞ /U , where z0 denotes the bottom

non-dimensional parameters: the slope angle

ω/N∞ ,

and a roughness number dened

roughness introdu ed by the boundary

onditions. The physi ally interesting range spanned

by these three parameters was explored with the help of the numeri al model des ribed
above. As one important qualitative result, Umlauf and Bur hard (2011) pointed out that
in all our simulations we observed periods with unstable boundary layers, suggesting that
this phenomenon is an intrinsi
ase. This nding is

omponent of the BBL dynami s, at least in the non-rotating

onsistent with the three-dimensional simulations des ribed below, and

illustrates the ubiquitous nature of shear-indu ed

Figure 3.8: (a) Total mixing e ien y

Γ,

onve tion in non-rotating BBLs.

and (b) non-dimensional verti al buoyan y ux

hQ∗b i as fun tions of the slope angle α. Results are shown for Ω = 4.5 × 10−2 and R =
6.3 × 10−5 (dashed line), both orresponding to the example shown in Figure 3.5. Also
shown are

ases with larger (R

= 6.3 × 10−4 ,

= 6.3 × 10−6 ,
slope αc are blanked.

solid line) and smaller (R

dotted line) roughness numbers. Regions in the vi inity of the

riti al

Modied gure from Umlauf and Bur hard (2011).

In Paper 9, it was also shown that the relevant parameter for the quanti ation of the net
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hQb i,

ee t of boundary mixing is the total verti al buoyan y ux

orresponding to the

sum of the turbulent and adve tive uxes, averaged over one for ing period, and integrated
horizontally a ross the BBL. This ru ial parameter, quantifying the total irreversible hange
of potential energy due to mixing, was made dimensionless with the help of the for ing
speed

U,

hQ∗b i = hQb iU −3 .

resulting in

Dividing this quantity by the dissipation rate,

averaged and integrated in the same way, yields the total e ien y
Umlauf and Bur hard (2011) argued that for periodi
any other non-dimensional bulk variable,
parameters

α, R,

Ω

and

interesting range of

α

onditions,

Γ of
hQ∗b i

boundary mixing.
and

Γ,

as well as

an only be fun tions of the non-dimensional

identied above. These fun tional dependen ies for the physi ally

and

R

are shown in Figure 3.8, where

Ω

is kept xed at the value

orresponding to the example dis ussed above (see Figure 3.5). Note that for the
angle

αc = N∞ sin α,

that happens to

oin ide with the angle for

riti al

riti al ree tion of

internal waves, the boundary layer shows resonan e with the imposed for ing (Umlauf and
Bur hard, 2011). These regions are blanked in Figure 3.8 be ause the physi al signi an e
of the solutions be omes questionable in the vi inity of

αc

due to the geometri

limitations

of the model.
The mixing e ien y (Figure 3.8a) is seen to strongly in rease with in reasing slope angle,
rea hing values of a few per ent for slopes steeper than
(2011) showed that this behavior

α = 10−2 .

an be explained by a stronger tenden y for BBL re-

strati ation on steeper slopes. Overall, mixing e ien ies are
the

anoni al value of

Γ = 0.2,

Umlauf and Bur hard

leading to the

onsiderably smaller than

on lusion that boundary mixing, as rep-

resented by the simple model dis ussed here, is a rather ine ient pro ess.

Umlauf and

Bur hard (2011) noted, however, that in their one-dimensional simulations, no ex hange
of uid between the BBL and the interior via intrusions is permitted, whi h eliminates
one important pro ess for boundary-layer restrati ation that is likely to be asso iated also
with an in rease in the mixing e ien y (Armi, 1978, 1979).

This is

onrmed by the

three-dimensional simulations dis ussed in Se tion 3.4 below that show substantially higher
mixing e ien ies.
One interesting result pointed out in Paper 9 is the fa t that the non-dimensional buoyan y
ux shown in Figure 3.8b varies only by a fa tor 2-3 over a range of two orders of magnitude for the slope angle. Greater roughness (i.e., in reasing

R)

is seen to lead to stronger

buoyan y uxes (Figure 3.8b), and higher mixing e ien ies (Figure 3.8a), with an overall ee t on mixing that is, however, substantially smaller than that due to variations in
bottom slope. The overall
integrated buoyan y ux

on lusion from this is that, to rst order, the non-dimensional
an be assumed to be

onstant with

hQ∗b i ≈ 10−3 .

This important

result suggests that the net irreversible verti al buoyan y ux, horizontally integrated over
the BBL, s ales as

U 3.
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Three-dimensional analysis

Paper 10 (Be herer and Umlauf, 2011) and Paper 11 (Lorrai et al., 2011) des ribe the
extension of these idealized, one-dimensional investigations to a three-dimensional natural
system. Study area for this part of the proje t was Lake Alpna h (Switzerland), a small
alpine lake that has been fo us of numerous previous studies of sei hing-indu ed boundary
mixing (e.g., Goudsmit et al., 1997; Gloor et al., 2000; Lorke et al., 2002). Lake Alpna h
(Figure 3.9) is an approximately 4-5 km long, elongated basin, lo ated in a narrow alpine
valley that is meteorologi ally

hara terized by diurnal thermal winds blowing along the

major axis of the lake during the summer months. Previous studies (Münni h et al., 1992)
have demonstrated that these periodi

winds resonantly ex ite verti al mode-2 internal

sei hes with 24-hour period that provide the main energy sour e for boundary mixing. Based
on data from Lake Alpna h, Lorke et al. (2005) reported rst eviden e for the generation
of shear-indu ed

onve tion in the BBL of a lake, whi h has motivated mu h of the work

dis ussed in this

hapter.

Figure 3.9: Topography of Lake Alpna h. The dash-dotted line denotes the position of the
transe t shown in Figure 3.10. Markers

orrespond to lo ations dis ussed in Paper 10 by

Umlauf and Bur hard (2011).

In Paper 10, Be herer and Umlauf (2011) used a high-resolution three-dimensional numeri al
model, based on the hydrostati

Boussinesq equations, in order to study these boundary mix-

ing pro esses in greater detail. The model employs terrain following
resolve the

oordinates, allowing to

omplete range of relevant s ales from the small-s ale verti al stru ture of shear

and strati ation inside the BBL up to the largest s ales asso iated with the basin-s ale internal sei hing motions. The ee t of unresolved turbulent motions was parametrized with
the help of the turbulen e model des ribed in Paper 6 (Umlauf and Bur hard, 2005), whi h
is identi al to that used for the gravity

urrent studies in Chapter 2 and the one-dimensional

BBL simulations in Se tion 3.3 above. A detailed model des ription and numeri al imple-
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mentation details are given in Paper 10, and in the model do umentation by Bur hard and
Bolding (2002, also see http://www.getm.eu).

3.4.1 Boundary-layer dynami s
In their idealized simulations, aimed at understanding the me hanisms and spatial distribution of boundary mixing in the presen e of three-dimensional topography, Be herer and
Umlauf (2011) assumed a sinusoidal wind for ing with a period of

Tf = 24 hours as the most

simple representation of the thermally-for ed diurnal wind eld over the lake.

The wind

stress was assumed to be spatially homogeneous, pointing along the major axis of the lake,
and all other atmospheri

uxes were ignored (whi h is justied by the short simulation

period and the interest in deep-water pro esses only). The velo ity and density stru ture
from these simulations is shown in Figure 3.10. Approximately two days after the onset of
the periodi

wind for ing, the water

olumn in the

entral part of the lake is seen to be

dominated by motions with diurnal frequen y that Be herer and Umlauf (2011) identied
as the resonantly ex ited verti al mode-2 internal sei hes, in
observations (Münni h et al., 1992; Lorke et al., 2005).

lose agreement with previous

The stru ture of these standing

internal waves in a transe t along the major axis of the lake is shown Figure 3.10b-e for
dierent times during one sei hing
isti

isotherm

to be

y le. The lateral velo ity stru ture and the

hara ter-

ompression and expansion patterns at opposing ends of the lake were found

onsistent with horizontal mode-1 motions (Münni h et al., 1992). Be herer and Um-

lauf (2011) showed that the velo ities asso iated with these internal motions dominate the
near-bottom shear, suggesting them as the main driving fa tor for boundary mixing. Different from previous studies that have ignored the ee t of rotation on internal sei hing in
Lake Alpna h, Be herer and Umlauf (2011) found that verti al mode-2 motions exhibit the
hara teristi s of a Kelvin-type wave propagating

y loni ally around the perimeter of the

basin with slightly de reasing signal strength towards the
near-bottom

enter. Nevertheless, the periodi

urrents indu ed by these sei hing motions on the two main slopes of the lake

(positions S1 and S3 in Figure 3.9) were found to be largely
basi

ross-isobath, su h that the

me hanisms sket hed in Figure 3.1 still applied.

Taking position S3 as an example, Be herer and Umlauf (2011) showed that the BBL does
indeed be ome gravitationally unstable during periods of up-slope ow. Completely analogous to the one-dimensional simulations dis ussed in Se tion 3.3, a reversal of the turbulent
buoyan y ux is observed that indi ates the onset of
sivities during these

onve tion.

In spite of large diu-

onve tive periods, the mixing rate dened in (3.7) was found to be

negligible due to the vanishingly small temperature gradients in the

onve tive regions. As

in the one-dimensional simulations dis ussed above, overall BBL mixing at position S3 was
found to o

ur during periods of down-slope ow. The most signi ant dieren e

to the one-dimensional

ase was related to the

ompared

ross-slope adve tion of strati ation, and
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◦ C), and along-basin velo ities in

ase of sinusoidal diurnal wind for ing (results are shown for position

C marked in Figure 3.9). Panels (b-e) show transe ts along the major axis of the lake (see
Figure 3.9) at dierent times separated by

Tf /4,

as indi ated by the verti al dashed lines in

panel (a). Time is given in hours after the onset of the idealized wind for ing. The model
was initialized with zero velo ities and a measured temperature prole, assuming horizontal
homogeneity. Modied gure from Be herer and Umlauf (2011).

the possibility of ex hange of uid between the BBL and the quies ent interior (Be herer
and Umlauf, 2011).
The relevan e of these ndings for the whole basin be omes evident from Figure 3.11a, ,
showing the spatial distribution of the gravitationally unstable near-bottom layers during
two periods with maximum near-bottom sei hing speeds. This gure reveals that during
periods of up-slope ow on one of the two main slopes, respe tively, shear-indu ed

onve tion

is observed over nearly the entire slope region below the thermo line, whereas the BBL
on the opposing slope remains gravitationally stable (Be herer and Umlauf, 2011).
thi kness

hcl

The

of the unstable near-bottom layer may rea h up to 3 m at the lower part of

the slope, whi h was found to be in ex ellent agreement with the measurements by Lorke
et al. (2005). The spatial distribution of the mixing rate

Xb

dened in (3.7) illustrates that

most of the mixing is asso iated with the stably stratied BBLs over bottom areas with
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down-slope ow, whereas the

ontribution of the

onve tive regions is negligible (Figure

3.11b,d). This generalizes the results from station S3 for the whole deep-water region of the
lake, leading to the important

on lusions that shear-indu ed

onve tion is the rule rather

than the ex eption in this lake, and possibly also in others with similar geometry and for ing
onditions.

Figure 3.11: Snapshots of model results for (a, ) thi kness of the near-bottom

onve tive

layer, and (b,d) mixing rate dened in (3.7). Average velo ities in the BBL are indi ated by
arrows. Upper and lower rows

orrespond to the times of maximum sei hing speeds along

the main axis of the lake (Figure 3.10b,d show the

orresponding velo ity elds). Modied

gure from Be herer and Umlauf (2011).

In Paper 11 by Lorrai et al. (2011), these results were extended towards
atmospheri

for ing, and

ases with realisti

ompared to high-resolution velo ity and strati ation measure-

ments inside the BBL: for the year 2007 at position S1 on the south-western slope, and for
2003 at position S2 at the foot of the slope (Figure 3.9).
2007 were

omplemented by long-term

The slope measurements from

urrent measurements in the

enter of the lake at

position C that provided information about the verti al stru ture of the internal sei hing
motions. From a de omposition of the latter into long internal-wave modes, Lorrai et al.
(2011) showed that for typi al summer

onditions, the dominant mode was a mixed verti al

mode-2/mode-3 internal sei he with diurnal period. Comparison of model simulations and
observations at positions S1 (2007) and S2 (2003) showed that both the basin-s ale internalwave eld and the lo al response of the BBL were well represented by the model. In spite
of dierent for ing

onditions in 2003 and 2007, dierent strati ation, and dierent slope

angles at positions S1 and S2, gravitationally unstable BBLs
data sets, and were reprodu ed with good a

ould be identied in both

ura y by the model. This provided further

support for the ubiquitous nature of shear-indu ed

onve tion.
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omplex stru ture of

shear and strati ation inside the BBL requires an ex essively small verti al grid spa ing
in the near-bottom region (of the order

0.1

m in the

ase of Lake Alpna h) that

ould only

be a hieved with the spe ial zoomed and topography-following grid used in this study. As
briey dis ussed in Paper 10, the

ombination of steep slopes and high verti al resolution

makes su h simulations prone to so- alled pressure-gradient errors that form a well-known
problem in numeri al models with topography-following grids (e.g., Mellor et al., 1993).
In our appli ations, these problems

ould be over ome with advan ed numeri al s hemes

(Sh hepetkin and M Williams, 2003) and high horizontal resolution, both, however, asso iated with high

omputational

osts. Due to the

omplexity of the boundary mixing pro esses

studied here, and in view of their overwhelming importan e for basin-s ale mixing, there
appears to be no viable alternative to this kind of numeri ally expensive simulations. Future limnologi al appli ations with the model used here may prot from the availability of
verti ally adaptive grids that have re ently been developed (Hofmeister et al., 2010), and
su

essfully applied to the gravity

urrent studies des ribed in Se tion 2.5.2 above.

3.4.2 Quanti ation of basin-s ale mixing
In order to quantify the basin-s ale ee t of boundary mixing in terms of an ee tive
diusivity

νe ,

the traditional approa h is based on the

omputation of the net verti al

buoyan y ux, dened as the horizontal integral of the lo al verti al buoyan y ux,
where

νth

is the lo al verti al diusivity predi ted by the turbulen e model.

2
is then identied with the apparent basin-s ale ux, −νe N∞ A, where
hypsographi

area, and

N∞ (z)

A(z)

−νth N 2 ,

The result
denotes the

some representative value for the internal strati ation.

This yields an expression of the form

1
νe (z) =
A

Z

A

νth

N2
dA ,
2
N∞

(3.8)

where integration is over the horizontal area of the basin at depth

z

(e.g.,

Garrett, 1990).

However, as pointed out by Be herer and Umlauf (2011), this approa h is not generally
appli able. Taking shear-indu ed

2
that unstable areas (N

< 0)

onve tion as an example, this is easily seen from the fa t

result in negative

ontributions to the integral in (3.8), whi h

is physi ally meaningless, and may even lead to a negative
to the one-dimensional

νe .

This is

ompletely analogous

ase dis ussed in Se tion 3.3, where the mixing rate dened in (3.7),

rather than the turbulent verti al buoyan y ux, was shown to be the appropriate parameter
for the quanti ation of net mixing.
For the three-dimensional

ase, Be herer and Umlauf (2011) derived a generally valid expres-

sion for the ee tive diusivity based on the approa h suggested by Winters and D'Asaro
(1996).

Their method relies on a verti al sorting algorithm, in whi h uid parti les are

assigned a new verti al position

z∗

su h that the sorted temperature eld

T (z∗ , t)

be omes
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a monotoni ally in reasing fun tion of
distribution of

T (z∗ , t)

z∗ .

Winters and D'Asaro (1996) pointed out that the

is not ae ted by reversible motions like internal sei hes, making it

an ideal indi ator for mixing. Be herer and Umlauf (2011) extended this method to their
Reynolds-averaged framework, in whi h turbulent motions are parametrized, rather than
expli itly resolved as in the original approa h by Winters and D'Asaro (1996). They showed
that for their simulations, where lateral turbulent uxes are ignored, the expression for the
ee tive diusivity is of the form:

1
νe (z∗ ) =
S

Z

S

νth



N2
2
N∞

2

dS

,

(3.9)

where, dierent from (3.8), integration is over isothermal (or isopy nal) surfa es, and

N∞

orresponds to the strati ation in the sorted state. Note that the lo al strati ation now
appears in squared form, whi h avoids unphysi al negative

Figure 3.12: Time series of model results with realisti

ontributions to the integral.

atmospheri

for ing: (a) wind stress,

(b) deep-water dissipation rate, ( ) deep-water mixing e ien y, and (d) ee tive diusivity
at 25 m depth. The averages in (b) and ( ) have been

omputed for the deep-water volume

of the lake below 15 m depth (maximum water depth is about 34 m). Modied gure from
Lorrai et al. (2011).

An appli ation of this method for the quanti ation of net deep-water mixing in Lake
Alpna h is illustrated in Figure 3.12, taken from Paper 11 by Lorrai et al. (2011).

This

gure shows the temporal evolution of a number of simulated deep-water mixing parameters
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for a two-week period

entered around the eld

the major axis of the lake is seen to be
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ampaign in 2007. The wind stress along

hara terized by the diurnal thermal wind eld

mentioned above, super-imposed by a slower (meso-s ale) modulation that leads to nearly
ollapsing wind speeds around day 238. The diurnal periodi ity in the wind speed results in
semi-diurnal u tuations in the average deep-water dissipation rate, whi h simply mirrors
maxima in the near-bottom velo ities that appear twi e per sei hing

y le (Figure 3.12b).

Lorrai et al. (2011) showed that the deep-water energy dissipation (and all other turbulen e
parameters) are dominated by the

ontribution of the turbulent BBL, whi h underlines the

overwhelming importan e of boundary turbulen e for overall basin-s ale mixing and energy
dissipation.
The mixing e ien y (Figure 3.12 ) is seen to be exa tly anti- orrelated with the semidiurnal variability in the dissipation rate, suggesting that energeti

turbulen e is generally

asso iated with smaller mixing e ien ies. Lorrai et al. (2011) pointed out that this antiorrelation is also evident on longer time s ales: during the

ollapse of the surfa e wind

stress around day 238, dissipation rates qui kly de ay, whereas mixing e ien ies in rease
to values of up to 15 per ent (Figure 3.12 ). Comparison with the one-dimensional

ase in

Figure 3.8a illustrates that the three-dimensional simulations generally exhibit mu h higher
mixing e ien ies. This points towards the importan e of BBL restrati ation by ex hange
of uid with the interior, whi h is not taken into a

ount in the one-dimensional model. The

overall ee t of boundary mixing, expressed in terms of an ee tive basin-s ale diusivity
a

ording to (3.9), is shown in Figure 3.12 . For an intermediate depth level inside the lower

= −25 m), νe is seen to exhibit a variability between less than 10−6 m2 s−1 during
−5 m2 s−1 during the periods with regular wind for ing, whi h Lorrai
low winds and up to 10

layer (z

et al. (2011) showed to be in ex ellent agreement with available observations.

3.5

What we have learned

This study has shown that a seemingly exoti

phenomenon  the shear-indu ed generation

of gravitationally unstable BBLs during up-slope ow  turned out to be a ubiquitous feature that

ould be identied at all lo ations in the investigated lakes, as well as in numeri al

models of dierent

omplexity,

overing a rather wide range of physi al parameters. Quite

surprisingly, however, in spite of the additional input of turbulent kineti
onve tion, the

energy due to

ontribution of the unstable BBLs to net diapy nal mixing was found to

be negligible, mainly due to the fa t that

onve tive layers are already well-mixed. During

down-slope slope, when the verti al shear in the BBL is favorable for the generation of stable strati ation, the pi ture is entirely dierent: the
turbulen e and shear-indu ed stable strati ation

ombination of energeti

near-bottom

ould be shown to result in parti ularly

strong and e ient mixing. Overall, this ee t was shown to provide the largest

ontribu-
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tion to net basin-s ale mixing, at least for the lakes and parameter range studied in this
work.
The rate of mixing of small-s ale buoyan y u tuations dened in (3.7), rather than the
ommonly used turbulent buoyan y ux, was identied as the key parameter for the quanti ation of mixing, valid for both unstable and stable strati ation. Using this measure for
mixing, idealized one-dimensional simulations have shown that the slope angle has the most
pronoun ed ee t on the overall e ien y of boundary mixing, where steeper slopes show
a stronger tenden y for BBL restrati ation and thus yield higher e ien ies. Even for the
steepest slopes, however, maximum e ien ies did not ex eed a few per ent in these onedimensional simulations. Three-dimensional simulations of boundary mixing in a realisti
environment were found to result in mu h higher mixing e ien ies (between 5 and 15 perent), suggesting that the ex hange of uid between BBL and interior, for geometri
not permitted in the one-dimensional simulations, forms a

reasons

ru ial additional me hanism for

BBL restrati ation in lakes, and perhaps also in the o ean (see the histori
Armi, 1978; Garrett, 1979; Armi, 1979). From an o eanographi

dis ussion by

point of view, this analysis

is in omplete as some important ee ts, above all those related to rotation (see, e.g., Ma Cready and Rhines, 1993; Moum et al., 2004), have not been
Work is in progress that takes these ee ts into a

ount.

onsidered in su ient detail.

Chapter 4

List of papers in luded in this work
In the following, a brief
A

ompilation of the 11 papers

onstituting this thesis is provided.

ording to se tion 5 (paragraph 5) of the Habiltation Regulations of the Fa ulty of Math-

emati s and Natural S ien es at the University of Rosto k, the

ontribution of the author

has been expli itly indi ated.

1. Paper 1 by Arneborg et al. (2007)
nami s of dense bottom

ontains a

ombined model-data study of the dy-

urrents in the Western Balti

Sea. My ontribution

on erned

the modeling part of this paper, in luding model set-up, simulations, analysis of model
results, and text writing.
2. In Paper 2 by Umlauf et al. (2007), a new gravity- urrent data set was dis ussed,
extending the lo al measurements in Paper 1 to full transe ts a ross the ow, in luding
mixing parameters.

Apart from many useful suggestions and remarks from my

o-

authors, I was responsible for most of the analysis and text writing.
3. In Paper 3 by Umlauf and Arneborg (2009a), an in-depth des ription of the full
gravity- urrent data set from 2005 was presented, extending the preliminary dis ussion
in Paper 2. Text writing, data analysis, and gure design have been performed largely
by myself. Besides many suggestions and
analysis and dis ussion of the a

ousti

orre tions, my

oauthor

ontributed the

bottom stress estimates.

4. In Paper 4 by Umlauf and Arneborg (2009b), the lo al theory developed in Paper 1
was extended to in lude the full
developed together with my
many useful
however, was

ross- hannel dynami s.

The theoreti al work was

o-author, who also provided some of the gures and

omments and suggestions. Most of the text writing and data analysis,
ontributed from my side.

5. Paper 5 by Umlauf et al. (2010)

ontains a two-dimensional numeri al study of the

ross- hannel dynami s along the lines of Paper 4. My

o-authors mainly

ontributed

List of papers in luded in this work
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with the initial model set-up and assistan e with the newly developed adaptive
dinate system by Hofmeister et al. (2010). My responsibility for this work

oor-

on erned

most of the text writing, theory, and data analysis.

6. Paper 6 by Umlauf and Bur hard (2005)

ontains a state-of-the-art review of se ond-

moment turbulen e models used in marine appli ations, in luding a detailed des ription of the models used in the

entral Chapters 2 and 3 of this thesis. The majority

of the theoreti al analysis and text writing was performed by myself, although with
substantial

ontributions from my

oauthor, who was also responsible for the larger

part of the model simulations.

7. Paper 7 by Umlauf (2009)

ompares the performan e of the se ond-order turbulen e

models dis ussed in Paper 6 to some ows of spe ial interest in large-s ale o ean
modeling. Spe ial fo us of this paper were the mixing properties of these models in
regions with vanishing verti al

urrent shear, as they appear at the velo ity maximum

of some relevant ows like the equatorial under urrent and in many bottom gravity
urrents.

8. Paper 8 by Lorke et al. (2008)

ontains the rst

part in this thesis, presenting eviden e for the o

ontribution to the boundary-mixing
uren e of shear-indu ed

in the bottom boundary layer of a large lake (Lake Constan e). I
analysis of mixing data and text writing for the

onve tion

ontributed with the

orresponding se tions in this short

paper.

9. Paper 9 by Umlauf and Bur hard (2011) is a theoreti al modeling study of the ee t of
slope-normal shear on strati ation and mixing in os illating bottom boundary layers
on sloping topography.

Theory, numeri al simulations, their analysis, and the text

writing were largely performed by myself. This paper was motivated by a suggestion
of my

o-author, who also provided numerous remarks and

orre tions during the

evolution of the manus ript.

10. In Paper 10 by Be herer and Umlauf (2011), the one-dimensional and highly idealized
simulations in Paper 9 were extended to a realisti
Alpna h, Switzerland).

three-dimensional system (Lake

The modeling work was performed by the rst author, Jo-

hannes Be herer, who was a master student in this proje t supervised by me.
ontribution to this paper was the basi

My

resear h idea, most of the text writing, and

strong guidan e regarding the analysis of the model data.

11. Paper 11 by Lorrai et al. (2011) is the
(2011),

ontaining the observational

to a realisti

ompanion paper to Be herer and Umlauf

omponent of the proje t, as well as a

three-dimensional model. In this paper, I

analysis of the observed internal sei hing motions, the

omparison

ontributed with the modal
oordination of the modeling

List of papers in luded in this work
work (again
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ondu ted by the master student Johannes Be herer), and more than 50
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